THE SUMMER MEETING IN HANOVER 


The forty-sixth Summer Meeting of the Society and the twenty- 
second Colloquium were held at Dartmouth College, Hanover, New 
Hampshire, from Tuesday to Thursday, September 10-12, 1940. The 
Mathematical Association of America met on Monday morning and 
afternoon and the Institute of Mathematical Statistics on Tuesday 
morning and afternoon and Wednesday and Thursday mornings. 
About four hundred fifty persons attended the meetings, among whom 
were the following two hundred ninety-eight members of the Society: 


C. R. Adams, R. B. Adams, R. P. Agnew, Leon Alaoglu, Warren Ambrose, 
R. C. Archibald, Herbert E. Arnold, H. T. R. Aude, R. P. Bailey, J. L. Barnes, 
R. C. F. Bartels, Felix Bernstein, R. A. Beth, E. E. Betz, Harry Birchenough, 
Garrett Birkhoff, G. D. Birkhoff, R. P. Boas, Salomon Bochner, C. B. Boyer, A. T. 
Brauer, R. W. Brink, B. H. Brown, B. L. Brown, R. E. Bruce, G. S. Bruton, J. A. 
Bullard, C. T. Bumer, R. S. Burington, F. J. H. Burkett, J. H. Bushey, Jewell H. 
Bushey, W. D. Cairns, B. H. Camp, M. E. Carlen, Leonard Carlitz, W. B. Carver, 
J. A. Clarkson, R. F. Clippinger, L. W. Cohen, Nancy Cole, Esther Comegys, G. M. 
Conwell, T. F. Cope, A. H. Copeland, L. P. Copeland, Richard Courant, A. P. Cow- 
gill, A. T. Craig, A. R. Crathorne, H. B. Curry, D. R. Curtiss, J. H. Curtiss, Tobias 
Dantzig, D. R. Davis, F. F. Decker, L. S. Dederick, M. R. Demers, A. H. Diamond, 
C. E. Dimick, C. H. Dix, W. J. Dixon, H. A. DoBell, J. L. Doob, T. L. Downs, 
Arnold Dresden, John Dyer-Bennet, Samuel Eilenberg, Churchill Eisenhart, L. P. 
Eisenhart, M. L. Elveback, Benjamin Epstein, Paul Erdés, G. C. Evans, G. W. 
Evans, W. K. Feller, W. B. Fite, H. T. Fleddermann, M. M. Flood, L. R. Ford, G. E. 
Forsythe, Tomlinson Fort, R. M. Foster, A. H. Fox, J. S. Frame, Philip Franklin, 
K. O. Friedrichs, Orrin Frink, T. C. Fry, R. E. Fullerton, M. G. Gaba, H. L. Garabe- 
dian, H. J. Gay, H. P. Geiringer, B. P. Gill, R. E. Gilman, Michael Goldberg, Michael 
Golomb, C. H. Graves, L. J. Green, E..H. Hadlock, D. W. Hall, Marshall Hall, 
P. R. Halmos, Israel Halperin, J. A. Hamilton, D. C. Harkin, O. G. Harrold, O. C. 
Hazlett, E. R. Hedrick, M. H. Heins, Robert Henderson, J. G. Herriot, E. H. C. 
Hildebrandt, T. H. Hildebrandt, Einar Hille, M. P. Hollcroft, T. R. Hollcroft, G. M. 
Hopper, Harold Hotelling, S. E. Hotelling, E. M. Hull, E. V. Huntington, W. A. 
Hurwitz, M. H. Ingraham, Dunham Jackson, S. B. Jackson, Fritz John, R. A. John- 
son, F. E. Johnston, A. W. Jones, B. W. Jones, H. A. Jordan, Mark Kac, M. L. Kales, 
E. R. van Kampen, Wilfred Kaplan, E. S. Kennedy, L. S. Kennison, S. C. Kleene, 
J. R. Kline, J. C. Knipp, E. R. Kolchin, W. D. Lambert, O. E. Lancaster, A. E. Lan- 
dry, R. E. Langer, R. A. Leibler, B. A. Lengyel, C. A. Lester, Norman Levinson, 
D. C. Lewis, M. I. Logsdon, W. R. Longley, L. H. Loomis, C. I. Lubin, N. H. McCoy, 
E. J. McShane, L. A. MacColl, C. C. MacDuffee, Saunders MacLane, H. M. Mac- 
Neille, W. G. Madow, Dorothy Manning, L. C. Mathewson, Walther Mayer, W. E. 
Milne, Richard von Mises, E. B. Mode, Deane Montgomery, T. W. Moore, F. M. Mor- 
gan, W. K. Morrill, Max Morris, Marston Morse, E. J. Moulton, G. W. Mullins, 
C. W. Munshower, O. E. Neugebauer, John von Neumann, C. V. Newsom, A. V. 
Newton, Jerzy Neyman, C. O. Oakley, R. E. O’Connor, P. S. Olmstead, J. M. H. 
Olmsted, Isaac Opatowski, Oystein Ore, F. W. Owens, H. B. Owens, Gordon Pall, 
E. W. Paxson, F. W. Perkins, O. J. Peterson, C. G. Phipps, Everett Pitcher, Hillel 
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Poritsky, G. B. Price, E. J. Purcell, H. A. Rademacher, E. D. Rainville, J. F. Ran- 
dolph, M. S. Rees, R. W. Rempfer, Harris Rice, R. G. D. Richardson, D. E. Rich- 
mond, R. F. Rinehart, J. F. Ritt, H. E. Robbins, Robin Robinson, S. L. Robinson, 
Benjamin Rosenbaum, Joseph Rosenbaum, R. A. Rosenbaum, Arthur Rosenthal, 
J. B. Rosser, H. G. Russell, N. E. Rutt, S. T. Sanders, Peter Scherk, E. R. Schnecken- 
burger, I. J. Schoenberg, G. E. Schweigert, C. H. W. Sedgewick, R. W. Sedgewick, 
W. E. Sewell, I. M. Sheffer, L. W. Sheridan, L. L. Silverman, R. G. Simond, M. E. 
Sinclair, Abraham Sinkov, H. L. Slobin, M. M. Slotnick, M. F. Smiley, C. E. Smith, 
P. A. Smith, T. L. Smith, W. M. Smith, Virgil Snyder, M. R. Solt, Joseph Spear, 
D. C. Spencer, V. E. Spencer, Abraham Spitzbart, G. R. Stibitz, C. N. Stokes, M. H. 
Stone, E. C. Strayhorn, R. E. Street, D. J. Struik, Otto Sz4sz, Gabor Szegé, J. D. 
Tamarkin, J. M. Thomas, E. W. Titt, M. M. Torrey, J. I. Tracey, W. J. Trjitzinsky, 
A. W. Tucker, Bryant Tuckerman, J. W. Tukey, S. M. Ulam, G. B. Van Schaack, 
J. H. Van Vleck, H. E. Vaughan, Oswald Veblen, Abraham Wald, G. L. Walker, G. W. 
Walker, R. J. Walker, H. S. Wall, Charles Walmsley, J. L. Walsh, Warren Weaver, 
W. D. A. Westfall, A. P. Wheeler, H. S. White, A. L. Whiteman, P. M. Whitman, 
Hassler Whitney, J. K. Whittemore, G. T. Whyburn, W. M. Whyburn, D. V. Widder, 
Norbert Wiener, L. R. Wilcox, C. E. Wilder, S. S. Wilks, W. L. G. Williams, E. W. 
Wilson, Aurel Wintner, Audrey Wishard, E. E. Witmer, Jacob Wolfowitz, W. D. 
Wray. 


The Colloquium Lectures on the subject Analytic topology were de- 
livered by Professor G. T. Whyburn of the University of Virginia on 
Tuesday morning and afternoon and Wednesday and Thursday 
mornings. The presiding officers at the four lectures were, in order, 
President G. C. Evans, Professor J. R. Kline, Vice President C. R. 
Adams, and Vice President T. C. Fry. 

On Thursday afternoon, by invitation of the Program Committee, 
Professor Leonard Carlitz of Duke University gave an address en- 
titled Arithmetic of polynomials in a Galois field. 

President G. C. Evans presided at the business meeting and Pro- 
fessor T. L. Walsh at the general session on Thursday morning; Pro- 
fessor Gordon Pall at the general session on Thursday afternoon. The 
presiding officers of the sectional sessions were as follows: Analysis, 
Professors L. W. Cohen, J. F. Randolph, I. M. Sheffer, Gabor Szegé; 
Algebra, Topology and Foundations, Dr. Marshall Hall; Algebra and 
Theory of Numbers, Professor B. W. Jones; Geometry, Professor M. 
G. Gaba; Mathematical Statistics (a joint session with the Institute 
of Mathematical Statistics), Professor B. H. Camp. 

Headquarters for the meeting were in Thayer Hall. The dormi- 
tories of the college were available to the members of the three or- 
ganizations and their guests. 

Those attending the meetings were entertained Monday evening 
by a music recital, by moving pictures showing winter sports at 
Dartmouth, and by an exhibition of string models. On Monday after- 
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noon, tea was served at the Graduate Club by the ladies of the Dart- 
mouth faculty. 

A dinner for the members of the Society, the Association and the 
Institute was held Tuesday evening in Thayer Hall. Professor B. H. 
Brown was toastmaster. The speakers were Dean E. G. Bill, Dean 
R. G. D. Richardson, Professors P. A. Smith, Hassler Whitney, and 
S. S. Wilks. The attendance was 324. 

Wednesday afternoon was devoted to an excursion to Franconia 
Notch. 

The Bell Telephone Laboratories exhibited a machine for comput- 
ing with complex numbers. The recording instrument at Hanover 
was connected by telegraph with the computing mechanism in New 
York. This machine was available to members from 11 A.M. to 2 P.M. 
each day of the meetings. 

A resolution by Professor E. J. Purcell thanking the President, 
officers and members of the Mathematics Department of Dartmouth 
College for their competent arrangements and cordial hospitality, 
was adopted unanimously at the general session Thursday morning. 

The Board of Trustees met on Monday at 6:00 p.M. in Thayer Hall. 
It reviewed the financial affairs of the Society with a view to a report 
to the Council. 

There were three meetings of the Council, one being a joint session 
with the Board of Governors of the Mathematical Association of 
America. This joint session to hear the report of the War Prepared- 
ness Committee was held in Dartmouth Hall at 9:00 p.m. on Monday. 
The other meetings of the Council were in Thayer Hall at 4:30 p.m. 
on Tuesday and at 9:00 p.m. on Wednesday. 

The Secretary announced the election of the following sixteen per- 
sons to membership in the Society: 


Miss Helen C. Brodie, New York, N. Y.; 

Professor D. van Dantzig, Technische Hoogeschool, Delft, Netherlands; 
Professor Joseph J. Dennis, Clark University, Atlanta, Ga.; 

Mr. Albert B. Farnell, University of Oklahoma; 

Professor James Norman Goodier, Cornell University; 

Dr. L. Louise Johnson, Reed College, Portland, Ore.; 

Professor Eugene Leimanis, University of Latvia, Riga, Latvia; 

Dr. Beppo Levi, The Mathematical Institute, Rosario, Argentina; 

Dr. Harry Miller Lydenberg, New York, N. Y.; 

Mr. (Albert) Wayne McGaughey, University of Cincinnati; 

Sister Teresa M. Madden, College of Our Lady of the Elms, Chicopee, Mass.; 
Mr. James R. Newman, New York, N. Y.; 

Dr. Maxwell Reade, Ohio State University; 

Dr. Charles V. Robinson, University of Missouri; 
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Professor Arthur Rosenthal, University of Michigan; 
Dr. Walter Stephen Snyder, Ohio State University. 


The following appointments by President Evans were reported: as 
representative of the Society at the dedication of buildings at the 
University of Colorado on June 8-9, Professor A. J. Kempner; as 
chairman of the Committee on Publicity (to replace Professor C. N. 
Moore, who resigned), Mr. R. M. Foster; as an additional member 
of this Committee, Professor J. B. Rosser (the newly constituted 
committee is as follows: Messrs. R. M. Foster (chairman), Saunders 
MacLane, G. B. Price, J. B. Rosser, and J. M. Thompson); as repre- 
sentative of the Society at the Conference on Science, Philosophy, and 
Religion and Their Relation to the Democratic Way of Life, held at 
the Jewish Theological Seminary of America in New York City on 
September 9-11, 1940, Professor Hermann Wey]; as representative of 
the Society at the inauguration of George N. Shuster as fifth presi- 
dent of Hunter College on October 8-11, Professor H. S. White. 

Meetings of the Society during 1941 were set as follows: in New 
York City on February 22; in Stanford University, California on 
April 5; in Washington, D. C. on May 2-3; at the University of Chi- 
cago on September 2-6; in New York City on October 25. Summer 
Meetings were arranged for Cornell University in 1942 and for the 
University of Colorado in 1943. 

An invitation to meet at the University of New Hampshire on 
June 23-27, 1941, in connection with the Congress of Sciences and 
Humanities and the American Association for the Advancement of 
Science was received. 

The Committee on War Preparedness presented an extended re- 
port, which is summarized in an article by the Chairman, Professor 
Marston Morse, in the September number of this Bulletin. A Roster 
of Scientific Personnel is being compiled by the National Resources 
Planning Board of the U. S. Government, and Dean L. P. Eisenhart, 
Professor G. C. Evans, and Dean R. G. D. Richardson represent 
mathematics on the committee. 

The Committee on Scientific Aids to Learning (supported by 
funds from the Carnegie Corporation) has appropriated a sum not to 
exceed $10,000 for microfilm reading machines, the distribution of 
which is to be for the benefit of Mathematical Reviews and to be 
arranged by the Executive Committee of that journal. 

Reports were sent in July to the Carnegie Corporation and Rock- 
efeller Foundation regarding their grants to Mathematical Reviews. 

Certain invitations to give hour addresses were announced: Pro- 
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fessors J. B. Rosser and H. S. Wall for the November 1940 meeting 
in Detroit, Professors Saunders MacLane and Leo Zippin for the 
1940 Annual Meeting, and Professor M. R. Hestenes for the 1941 
April meeting in Chicago. 

The sixteenth Josiah Willard Gibbs Lecture is to be given by Pro- 
fessor Sewall Wright at the Summer Meeting of 1941 in Chicago. The 
committee to select Gibbs lecturers for 1942 and 1943 consists of Pro- 
fessors H. P. Robertson (chairman), N. H. McCoy, and J. L. Synge. 

Professors H. E. Buchanan and H. J. Ettlinger were appointed rep- 
resentatives on the Council of the American Association for the Ad- 
vancement of Science for 1941 and Professor F. D. Murnaghan was 
appointed representative on the National Research Council for a 
period of three years beginning July, 1941. 

The report of the Committee to Consider Possible Freer Methods 
of Nominating and Electing Council Members as adopted by the 
Council provides for a decrease in the number of ex-officio members 
of the Council, the opportunity for choice on the ballot in the elec- 
tion of vice presidents and elected members of the Council, and the 
chance on the ballot to suggest names for the various offices for the 
year following. A committee consisting of Professors W. M. Why- 
burn (chairman), Alonzo Church, and Philip Franklin was appointed 
to make appropriate revisions of the By-Laws with a view to present- 
ing them for adoption by the Society. Provision is to be made on the 
Council for a representative of Mathematical Reviews. 

A Committee on the Award of the Cole Prize in the Theory of 
Numbers for the period 1936-1940 was appointed, consisting of Pro- 
fessors H. H. Mitchell (chairman), A. J. Kempner, and Hermann 
Weyl. 

A committee consisting of Professor Richard Courant (chairman), 
Mr. R. M. Foster, and Professor Harold Hotelling was named to 
consider the problem of holding informal discussion groups in regard 
to important papers read before the Society which touch on applica- 
tions. 

Titles and cross references to the abstracts of the papers read are 
given below. The papers were read as follows: papers 1—8 in the sec- 
tion for Analysis on Tuesday morning; papers 9-13 in the section 
for Geometry on Tuesday morning; papers 14-19 in the section for 
Mathematical Statistics on Tuesday afternoon; papers 20—23 in the 
section for Analysis on Tuesday afternoon; papers 24-31 in the sec- 
tion for Analysis on Wednesday morning; papers 32-38 in the section 
for Algebra, Topology and Foundations on Wednesday morning; 
papers 39-43 in the General Session on Thursday morning; papers 44— 
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50 in the section for Analysis on Thursday afternoon; papers 51-55 
in the section for Algebra and Theory of Numbers on Thursday after- 
noon; and papers 56-96, whose abstract numbers are followed by the 
letter ¢, were read by title. Dr. Wundheiler was introduced by Pro- 
fessor D. J. Struik, Dr. Brown by Professor S. S. Wilks, Professor 
Zygmund by Professor T. R. Hollcroft, Dr. Hutchinson by Professor 
D. J.-Struik, Professor Alexandroff by Professor P. A. Smith, Dr. 
Bergman by Dr. D. C. Spencer, Professor Hua by Professor T. R. 
Hollcroft, Dr. Manel by Professor Richard Courant, Professor Pélya 
by Professor Einar Hille, and Mr. Rosenthall by Professor E. T. Bell. 
Paper 1 was presented by Dr. Stephan Bergman, paper 4 by Mr. 
Epstein, paper 8 by Dr. Poritsky, paper 12 by Professor Struik, paper 
21 by Dr. Boas, paper 22 by Dr. Halmos, paper 30 by Dr. Spencer, 
paper 31 by Professor Wiener, paper 38 by Dr. Hall, paper 39 by 
Professor Bochner, and paper 46 by Dr. Alaoglu. 

1. Abe Gelbart: On approximations of functions of two complex vari- 
ables regular in multiply-connected four-dimensional domains. (Ab- 
stract 46-9-418.) 

2. K. O. Friedrichs: On hyperbolic differential operators. (Abstract 
46-9-416.) 

3. Orrin Frink: Series expansions in linear vector space. (Abstract 
46-9-417.) 

4. D. G. Bourgin and Benjamin Epstein: A class of kernels gen- 
erated by a Laplace- Mellin transformation. (Abstract 46-11-448.) 

5. Isaac Opatowski: On the motion of an electric particle. (Abstract 
46-11-468.) 

6. D. C. Harkin: Fourier series as limits of Gaussian sums. (Ab- 
stract 46-11-457.) 

7. Einar Hille: A class of differential operators of infinite order. (Ab- 
stract 46-11-491.) 

8. Hillel Poritsky and H. D. Snively: Doubly periodic networks. 
(Abstract 46-11-471.) 

9. Alexander Wundheiler: Some basic notions in meta-geometry. 
(Abstract 46-9-445.) 

10. Marshall Hall: Projective planes. (Abstract 46-9-421.) 

11. W. L. G. Williams: The application of hyperbolic complex num- 
bers to the geometry of the triangle. (Abstract 46-11-482.) 

12. D. J. Struik and Alexander Wundheiler: Affine representation 
of systems of forces. (Abstract 46-9-439.) 

13. E. J. Purcell: Space Cremona transformations of order m+n—1. 
(Abstract 46-9-433.) 

14. Hilda P. Geiringer: A generalization of the law of large numbers. 
(Abstract 46-11-455.) 
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15. S. S. Wilks: On the problem of two samples from normal popula- 
tions with unequal variances. (Abstract 46-11-481.) 

16. Harold Hotelling: Experimental determination of the maximum 
of an empirical function. (Abstract 46-9-424.) 

17. Abraham Wald: Asymptotically shortest confidence intervals. 
(Abstract 46-11-479.) 

18. G. W. Brown: Reduction of certain composite statistical hy- 
potheses. (Abstract 46-11-449.) 

19. Jerzy Neyman: Conception of equivalence in the limit of statis- 
tical tests and its application to certain forms of x? and to the tests based 
on the d principle. (Abstract 46-11-467.) 

20. J. F. Randolph: Some properties of sets of the Cantor type. (Ab- 
stract 46-11-472.) 

21. R. P. Boas and D. V. Widder: Functions with positive differ- 
ences. (Abstract 46-9-404.) 

22. P. R. Halmos and R. A. Leibler: Square roots of measure pre- 
serving transformations. (Abstract 46-9-422.) 

23. Antoni Zygmund: Power series of the class H* on the circle of 
convergence. (Abstract 46-11-483.) 

24. J. G. Herriot: Nérlund summability of double Pisiriet series. 
Preliminary report. (Abstract 46-9-423.) 

25. M. H. Heins: A proof of Picard’s theorem by the fundamental 
theorem on the conformal mapping of simply-connected Riemann sur- 
faces. Abstract 46—11-459.) 

26. I. M. Sheffer: On the singularities of functions under certain 
linear transformations. (Abstract 46-11-475.) 

27. I. J. Schoenberg: On positive definite functions on spheres. (Ab- 
stract 46-11-474.) 

28. W. J. Trjitzinsky: Properties of growth for solutions of differ- 
ential equations of dynamical type. (Abstract 46-11-478.) 

29. J. M. H. Olmsted: Lebesgue theory on a Boolean algebra. Pre- 
liminary report. (Abstract 46-9-430.) 

30. Stefan Bergman and D. C. Spencer: On distortion in pseudo- 
conformal mapping. (Abstract 46-9-402.) 

31. Norbert Wiener and Aurel Wintner: Discrete chaos. (Abstract 
46-11-480.) 

32. P. M. Whitman: Splittings of a lattice. (Abstract 46-9-442.) 

33. L. R. Wilcox: A topology for semi-modular lattices. (Abstract 
46-9-443.) 

34. O. G. Harrold (National Research Fellow): Characterizations 
of some continua by continuous functions. Preliminary report. (Ab- 
stract 46-11-458.) 
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35. Everett Pitcher: The cap heights of a sum function on a product 
space. (Abstract 46°11-470.) 

36. S. C. Kleene: Recursive predicates and quantifiers. Preliminary 
report. (Abstract 46-11-464.) 

37. Samuel Eilenberg: On homotopy groups. (Abstract 46-11-453.) 

38. D. W. Hall and W. T. Puckett: Strongly arcwise connected sets. 
(Abstract 46-11-456.) 

39. Salomon Bochner and I. J. Schoenberg: On positive definite 
functions on compact spaces. (Abstract 46-11-447.) 

40. Gordon Pall: On the arithmetic of ternary quadratic forms. (Ab- 
stract 46-11-469.) 

41. R. E. Langer: On the theory of irregular differential boundary 
problems. Preliminary report. (Abstract 46-11-465.) 

42. G. C. Evans: Surfaces of minimum capacity. (Abstract 46-9- 
413.) 

43. H. B. Curry: The inconsistency of certain formal logics. (Ab- 
stract 46-11-451.) 

44. Warren Ambrose: Change of velocities in a continuous ergodic 
flow. Preliminary report. (Abstract 46-11-446.) 

45. Benjamin Epstein: A contribution to the theory of two complex 
variables in certain domains. (Abstract 46-9-412.) 

46. Leon Alaoglu, Garrett Birkhoff, and B. J. Pettis: General 
ergodic theorems. 11. Preliminary report. (Abstract 46-9-394.) 

47. Fritz John: Discontinuous convex solutions of difference equa- 
tions. (Abstract 46-9-425.) 

48. J. H. Curtiss: Necessary conditions in the theory of interpolation 
in the complex domain. (Abstract 46-7-378.) 

49. Otto Szasz: On the jump of almost periodic functions and Fourier 
integrals. (Abstract 46-9-399.) 

50. H. T. Fleddermann: The equality of measure functions. (Ab- 
stract 46-9-414.) 

51. L. C. Hutchinson: On the classijication of the trivector. (Abstract 
46-11-460.) 

52. Mark Kac: On a question of Ramanujan. (Abstract 46-9-426.) 

53. J. S. Frame: The double cosets of a finite group. (Abstract 46-9- 
415.) 

54. A. T. Brauer: On a property of k consecutive integers. (Abstract 
46-9-405.) 

55. John Dyer-Bennet: A note on partitions of the set of positive 
integers. (Abstract 46-9-411.) 

56. Paul Alexandroff: General combinatorial topology. (Abstract 
46-7-374-t.) 
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57. Stefan Bergman: Boundary values of functions satisfying partial 
differential equations of elliptic type. (Abstract 46-9-401-t.) 

58. R. P. Boas: A general moment problem. (Abstract 46-9-403-t.) 

59. Herbert Busemann and Walther Mayer: On the foundations of 
calculus of variations. (Absract 46-9-406-t.) 

60. Leonard Carlitz: On the Staudt-Clausen theorem. (Abstract 46- 
11-450-t.) 

61. R. H. Cole: The expansion problem associated with an ordinary 
linear differential equation and boundary conditions applying at a set of 
collinear points. (Abstract 46-9-407-t.) 

62. H. V. Craig: On extensors. (Abstract 46-9-408-t.) 

63. H. B. Curry: A revision of the fundamental rules of combinatory 
logic. (Abstract 46-9-409-t.) 

64. H. B. Curry: Consistency and completeness of the theory of 
combinators. (Abstract 46-9-410-t.) 

65. M. M. Day: Ordered sets and closures. (Abstract 46-9-395-t.) 

66. Samuel Ejilenberg: Local connectedness in higher dimensions. 
(Abstract 46-11-452-t.) 

67. C. H. Forsyth: Statistical interpretations of the first auxiliaries 
of the Gaussian symmetrical method. (Abstract 46-11-454-t.) 

68. H. L. Garabedian, H. S. Wall, and Einar Hille: Hausdorff 
means and integral equations. (Abstract 46-9-397-t.) 

69. L. J. Green: Twisted cubics associated with a space curve. II. 
(Abstract 46-9-419-t.) 

70. D. W. Hall and W. T. Puckett: Arc-preserving transformations 
of a certain class of spaces. (Abstract 46-9-420-t.) 

71. O. G. Harrold (National Research Fellow): A note on strongly 
irreducible maps of an interval. (Abstract 46-7-381-t.) 

72. Loo-Keng Hua: Some “Anzahl” theorems in the theory of groups 
of prime-power order. (Abstract 46-11-492-t.) 

73. Loo-Keng Hua: The lattice points in a circle. (Abstract 46-11- 
493-t.) 

74. W.H. Ingram: A generalization of Erhard Schmidt's solution of 
the nonhomogeneous integral equation. Preliminary report. (Abstract 
46-11-494-t.) 

75. Nathan Jacobson: Restricted Lie algebras of characteristic p. 
(Abstract 46-11-461-2.) 

76. R.L. Jeffery: Integration in abstract space. (Abstract 46-11-462- 
t.) 

77. F. B. Jones: Quasi-continuous curves and certain boundary prob- 
lems. (Abstract 46-11-463-t.) 

78. Edward Kasner and J. J. DeCicco: Eguilong and conformal 
transformations of period two. (Abstract 46-9-398-t.) 
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79. W. H. McEwen: On the degree of convergence of a series associ- 
ated with an integro-differential system. (Abstract 46-9-427-t.) 

80. W. G. Madow: Contributions to the theory of the representative 
method of sampling. (Abstract 46-11-466-t.) 

81. Bella Manel: Conformal mapping of multiply connected domains 
on the basis of Plateau’s problem. (Abstract 46-7-384-t.) 

82. H. E. Newell: On the asymptotic forms of the solutions of an 
ordinary linear matric differential equation in the complex domain. Pre- 
liminary report. (Abstract 46-9-428-t.) 

83. Rufus Oldenburger: La teoria de los polinomios de orden su- 
perior. (Abstract 46-9-429-t.) 

84. F. W. Perkins: Polygonal and polyhedral means of functions. 
Preliminary report. (Abstract 46-9-431-1.) 

85. G. Pélya: Sur l’existence de fonctions entiéres satisfaisant 4 
certaines conditions linéaires. (Abstract 46-9-432-t.) 

86. W. T. Reid: A new class of self-adjoint boundary value problems. 
(Abstact 46-11-473-t.) 

87. J. F. Ritt: On a type of algebraic differential manifold. (Abstract 
46-9-434-t.) 

88. L. B. Robinson: Singular solutions of nonlinear functional equa- 
tions. (Abstract 46-9-435-t.) 

89. R. M. Robinson: Stencils for solving x?=a (mod m). (Abstract 
46-9-436-t.) 

90. E. Rosenthall: On the diophantine equation x*+-y* =2z*+w’*. (Ab- 
stract 46-9-437-t.) 

91. A. R. Schweitzer: Concerning general abstract relational spaces. 
II. (Abstract 46-9-438-t.) 

92. D. C. Spencer: On an inequality of Grunsky. (Abstract 46-11- 
476-t.) 

93. Gabor Szegé: Power series with multiply monotonic sequences of 
coefficients. (Abstract 46-11-477-t.) 

94. J. L. Walsh and W. E. Sewell: Degree of polynomial approxi- 
mation to analytic functions. Problem B. (Abstract 45-7-369-t.) 

95. J. H. C. Whitehead : On incidence matrices,’ nuclei and homotopy 
types. (Abstract 46-9-441-t.) 

96. Orla V. Wood: On relations between solutions of the differential 
equation of the second order with four regular singular points. (Abstract 
46-9-444-t.) 

T. R. HoLtcrort, 
Associate Secretary 


BOOK REVIEWS 


La Théorie des Spineurs. By Elie Cartan. (Actualités Scientifiques et 
Industrielles, nos. 643 and 701.) Paris, Hermann, 1938. 95 pp. and 
91 pp. 

The theory of spinors has been treated in the literature from three 
points of view: the infinitesimal, the algebraic and the geometric. 
Cartan originated the theory in its infinitesimal aspect in 1913 and 
he has now written a full length account in which it has been his in- 
tention “de développer systematiquement la théorie des spineurs en 
donnant de ces étres mathématiques une définition purement géom- 
étrique.” 

Cartan’s definition of a spinor (§§93 and 109) is based upon the 
one-to-two correspondence between the v-vectors which are coordi- 
nates of linear spaces of vy dimensions on the fundamental quadric cone 
in 2v (or 2v+1) dimensions and certain vectors with 2” components, 
called “simple” spinors. Despite this geometric introduction to the 
concept of a spinor, knowledge of the algebraic theory of the repre- 
sentation of linear groups will be of more use to the reader than any 
acquaintance with the classical ideas of geometry. 

The first two chapters of the first volume do not contain the word 
“spinor.” Instead, they include an elementary discussion of the fol- 
lowing topics: euclidean space (including the complex and the real 
definite and indefinite cases), rotations and reflections, multivectors, 
definition of tensors, tensor algebra, irreducible and reducible ten- 
sors, matrices (their algebra and a’brief account of unitary, orthog- 
onal and hermitian matrices), and the irreducibility of multivectors. 
Any reader already acquainted with the material in these forty-seven 
pages will delight in the concise elegance of the exposition while 
others will benefit from its lucidity and accuracy. 

In the third and fourth chapters the spinor theory is developed in 
detail for a three dimensional space. The components of a spinor are 
first introduced as specific functions of the components of an iso- 
tropic vector, affected however by an ambiguous sign. After showing 
that a spinor is a “euclidean tensor,” the author introduces in a 
natural fashion the relation (x:)?+(x2)?+(x3)?=XX, where X is a 
matrix with linear forms in x;, x2 and x3 as elements and the left mem- 
ber is a scalar matrix. This association of vectors and matrices is used 
to obtain the double-valued representation of the rotation group by 
linear transformations on spinors. Chapter III concludes with a dis- 
cussion of reality conditions in the euclidean and pseudo-euclidean 
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cases. In Chapter IV several theorems on the linear representations 
of the various rotation groups are proved by making use of the in- 
finitesimal generators of the groups. 

The first chapter of the second volume extends the spinor theory to 
spaces of any odd number of dimensions while the following chapter 
does the same for spaces of an even number of dimensions. In each 
of these cases the chapter closes with a brief discussion of reality con- 
ditions. 

The last three chapters (totalling thirty pages) are entitled : Spinors 
in the Space of Special Relativity; Linear Representations of the 
Lorentz Group; and Spinors and Dirac Equations in Riemannian 
Geometry. 

Comparison of this exposition of the spinor theory with the work 
of Veblen and his students! reveals a surprisingly small amount of 
common material. Thus Cartan does not employ Veblen’s useful con- 
cept of a linear family of geometric transformations, which is a gen- 
eralization of the well known linear family of involutions on the pro- 
jective line. The avoidance of any use of the index notation is also 
interesting since the use of dotted indices has sometimes been re- 
garded (quite erroneously) as a characteristic feature of the theory. 
These monographs do contain a full and excellent account of the 
group representation aspect of the theory and are an invaluable con- 
tribution to the literature of the subject. 

Aside from a few misprints, the only error noted was on page 18 of 
the first volume, where the first lemma is false in case the fundamental 
quadratic form in m variables is of signature +(m—2). Even in this 
case a weakened form of the lemma suffices for the following proofs. 

WALLACE GIVENS 


Gesammelte Werke. By Johannes Kepler. Vol. 1. Mysterium Cosmo- 
graphicum. De Stella Nova. Edited by Max Caspar. 1938. 15+493 
pp. Vol. 2. Astronomiae Pars Optica. Edited by F. Hammer. 1939. 
467 pp. Vol. 3. Astronomia Nova. Edited by Max Caspar. 1937. 
488 pp. Munich, Beck. 


In 1936 Max Caspar published the Bibliographia Kepleriana as a 
part of this series. 
The three imposing volumes of Kepler’s collected works represent 


1 In his introduction Cartan refers to Veblen’s work as unpublished, although in 
his bibliography he lists Veblen’s paper in the Comptes Rendus Congrés Oslo and the 
reviewer's dissertation, which was done under Veblen’s direction. The most complete 
publication of the work at Princeton was in the form of mimeographed notes on lec- 
tures by Veblen and Givens under the title “Geometry of Complex Domains.” 
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in a way the first conclusive steps in an established mathematically 
harmonious universe. The desire for simplicity in the theory of the 
motions of the heavenly bodies activated both Copernicus and Kep- 
ler. The former attained some simplification but retained the difficult 
systems of epicycles by which Greek mathematicians had achieved 
an explanation of celestial phenomena sufficient for some eighteen 
hundred years of observation. The new path in theory taken by 
Copernicus was the result not so much of phenomena not explainable 
by the old theories but of the desire for a more evident mathematical 
simplicity. 

Man’s interest in the observed movements of the heavenly bodies 
is doubtless the most persistent intellectual occupation of record. 
The ancient Babylonians derived from these observations and rec- 
ords material for mathematical calculations. With the Greeks comes 
not only the use of the older observations and records but, further, 
the study of associated mathematical and physical problems, con- 
nected with light and theories of vision. 

In India also the heavenly bodies secured intelligent attention, 
with simplified methods of computation, and with algebraie devices 
and the use of the half-chord and even the shadow function in astro- 
nomical problems. 

All of these developments contributed to the Moslem interest in 
astronomy, geography, and trigonometry, and the material was com- 
municated through their works and instruments to Europe in the 
twelfth to fifteenth centuries. Kepler, more than any other of the 
European group which includes also Copernicus, Galilei, Tycho 
Brahe and Newton, appreciated most explicitly the achievements of 
the past centuries and their manifold contributions towards new 
theories. 

Kepler began his search for a harmonious universe with an in- 
spiration which today would be termed a delusion. However, Kepler 
kept faith with the observations as recorded and the continuance of 
this faith led him to observations not reconcilable with his inspira- 
tion nor with the theories of Ptolemy or Copernicus. The conclusive 
observations were furnished by Tycho Brahe, with a few by Kepler 
himself, and the mathematical universe involved in Kepler’s laws of 
planetary motions gradually evolved as a result of enormous com- 
putations, treated with profound mathematical insight, establishing 
definitely the orbits of the planets as ellipses. 

Kepler began his interest in astronomy at the University of 
Tiibingen. The struggle for an existence led him to the casting of 
horoscopes and to the publication of almanacs, which were largely 
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for such uses. Despite this occupation the scientist Kepler sought a 
mathematically harmonious universe. It seemed to him to come as 
an inspired thought “on July 19, 1595,” as he records in a letter, 
that there were six planets and five regular solids, and that, in con- 
sequence, the latter could be circumscribed with the sun as center 
about the orbits of the planets and thus harmoniously, possibly, fill 
in the gaps between the six planetary orbits. In the Mysterium Cos- 
mographicum of 1596 Kepler elaborates this thesis, arriving at only 
partially successful conclusions. 

In 1594 when Kepler began to teach mathematics the Copernican 
theory was not yet widely accepted. In his study of astronomy under 
an ardent Copernican, M. Mastlin, at Tiibingen, Kepler had acquired 
an insight into the problems, leading him to desire further informa- 
tion concerning the size and the orbits of the planets. As the varying 
speeds of the planets were known and their approximate relative 
distances from the sun, Kepler was able to attain preliminary success 
in circumscribing around the recorded orbits the five regular solids, 
“limited by the unchangeable laws of geometry.” With these five 
solids the sphere as a sixth solid was employed for the outermost 
sphere of the fixed stars. 

The haste with which Kepler composed his Mysterium Cosmo- 
graphicum is explained by the author’s impending marriage and the 
necessity for impressing the University officials of Graz where he was 
employed. Doubtless had Kepler lingered, as he did with later proj- 
ects, the Mysterium might, indeed, have never seen the light. Kepler 
spent some seven months in Tiibingen, on vacation from Graz, com- 
pleting the manuscript and arranging for the supervision of the print- 
ing by his former teacher, Mastlin. 

A friendly reception was accorded the Mysterium Cosmographicum 
despite the assumption of the Copernican theory and the peculiarities 
inherent in the Keplerian hypothesis. 

In placing the sun at the center of the universe, Kepler arrived at 
an appreciation, often reiterated in his later works, of the sun as the 
center of force of our universe. Copernicus also refers to the sun as the 
center of power, but he actually used in his epicycles the centers of 
the orbits as centers; Kepler made his measurements as far as possible 
directly from the sun. In Chapter XX (p. 70) Kepler refers to the sun 
as not only the fountain head of light, but the source of life, move- 
ment and active force (anima); in a later edition Kepler uses the 
word “vis.” 

Naturally the completed Mysterium Cosmographicum of 1595 was 
sent to the most distinguished astronomer then living, Tycho Brahe, 
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and the later association of Kepler with Brahe hinged upon this con- 
nection. The scholarly documentation of an untenable theory estab- 
lished Kepler’s fame as an astronomer of great ability. For more cor- 
rect planetary orbits Tycho Brahe had the data, and it was with an 
eye to these that Kepler made contact with the great Danish observer 
of the heavens. 

With the Mysterium Cosmographicum Kepler included the Narratio 
Prima which had been published in 1540 by G. J. Rheticus,! as a 
preliminary statement concerning the Copernican system. To this 
was added an appendix by M. Miastlin, De dimensione orbium et 
sphaerarum coelestium. 

The modern editors have included in this volume with the Myster- 
tum four of Kepler’s minor astronomical treatises, published under 
the title, De Stella Nova . . . , 1606; separate title pages are included 
for the other three treatises. These were publications designed in 
large part to take advantage, financially, of somewhat wide popular 
interest in astronomical occurrences. 

Late in 1599 Tycho Brahe invited Kepler to visit him in Prague. 
In February of 1600 Kepler began somewhat tentatively: employ- 
ment at the Observatory in Prague. 

When Kepler first approached Tycho Brahe he rather naively sup- 
posed that Tycho would be able to hand to him complete data of the 
orbits of the planets, so that within two or three weeks Kepler him- 
self could check the results with his theory. In fact it took Kepler 
years to compute the orbit of Mars, the first one to be completed. 

Tycho Brahe was having his difficulties in 1599 when he moved to 
Prague with the mathematical computations in connection with his 
observations and particularly-with the orbit of Mars: Shortly there- 
after Kepler was practicaily without a job, and as Tycho Brahe 
needed a mathematical astronomer, Kepler found himself in 1600 
in Prague as an associate with Tycho Brahe, replacing the astron- 
omer Longomontanus, who returned to Denmark. The observations 
of Mars and the problems of their reduction were placed in the hands 
of Kepler. 

While Kepler was occupied with these computations, Tycho Brahe 
died October 24, 1601. Kepler was for a time prevented from free 
use of the observations of Tycho Brahe. Partly because of these hin- 
drances the complete construction of the orbit of Mars was not ef- 
fected until some years after the death of Tycho and then even 
further delayed in publication. 


1 See Edward Rosen, Three Copernican Treatises, New York, Columbia University 
Press, 1939; the English translation of the Rheticus treatise is given. 
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In the interval Kepler attacked a number of problems in optics 
and in observational astronomy which were essential to any correct 
interpretation of the observations. Kepler’s treatise on optics started 
with the work of Witelo as a basis. Kepler established a modern 
point of view for the science and even touched some of the problems 
shortly to be created by the introduction of the telescope. 

The Astronomiae Pars Optica includes a wide range of discussions 
on the nature and properties of light, the functioning of the eye, the 
optical image, reflection and refraction of light rays, and astronomi- 
cal optics including the lights and shadows of heavenly bodies as 
well as problems of parallax. Through the work of Witelo written 
about 1270 A.D. Kepler takes account of the work of the Arabs, 
notably Al-Hazan (Ibn al-Haitam) and the optics of Euclid and 
Ptolemy; the whole science was modernized and innumerable mis- 
taken points of view eliminated. 

Notably in connection with the observation of eclipses Kepler in- 
troduced quite new methods and hurried the book through the press 
in order to make his methods available to astronomers for an eclipse 
to occur on October 2 (12) of 1605. 

Within six years after this work by Kepler appeared, observational 
astronomy was revolutionized by the telescope. Kepler was able to 
make more obvious contributions to the new theory, particularly of 
lenses, in his Dioptrice of 1611. The Optics of 1604 revived the prob- 
lems of refraction and stimulated the definitive solution by Snell and 
Descartes. 

The orbit of Mars had resisted the efforts of Tycho Brahe and 
Longomontanus. To this problem Kepler gave himself with utmost 
devotion over a period of five years. About Easter of 1605 Kepler 
abandoned the eccentric circles and the ovals to make an attempt at 
the ellipse as the orbit. In view of the attention given in the Pars 
Optica to the focal properties of the conics and their possible applica- 
tions, one is justified in the conclusion that this study paved the way 
to Kepler’s Laws of Planetary Motion. 

While in 1601 Kepler had arrived at the orbit of Mars as in a plane 
inclined to the ecliptic, not until October 11 of 1605 did Kepler an- 
nounce the path of Mars as an ellipse; this was done in a letter to the 
astronomer, Fabricius. This achievement more than any other marks 
the beginning of the modern theory of the movements of the heavenly 
bodies. 

In a measure the crucial step taken by Kepler was to take the sun 
itself and not the center of the orbit of a planet about the sun as the 
center from which computations were made. In the Copernican the- 
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ory the center of the earth’s orbit about the sun is taken as the center 
of the universe. Kepler’s innovation moved the center (focus) to the 
sun itself and gave a mathematical law for the varying velocity of 
each planet in its orbit. Vital in the computations was new light upon 
the earth’s orbit. In fact, the second law of Kepler that equal areas 
are swept out in equal times was first demonstrated by Kepler for the 
earth; the formulation gave the velocity as inversely proportional to 
the distance from the sun, the “radius-theorem.” The final establish- 
ment for the orbit of Mars was dependent upon the corrections made 
possible by the revisions made in the earth’s orbit. 

In preparing for publication of Kepler’s collected works transla- 
tions proved to be out of the question; the editors have introduced 
the device of admirable summaries of contents of each volume. In 
addition there are notes, often giving an indication of the method of 
work of the author, and the genesis of the ideas; in fact, Kepler him- 
self gives much information along this line, including even material 
finally rejected. The editors have also included in each volume numer- 
ous notes and for the periods concerned available lists of Kepler’s 
correspondence, largely with brief statements of contents of the let- 
ters. 

In every way the series, Johannes Kepler Gesammelte Werke, can be 
commended as worthy of the great genius of Kepler. 

Louis C. KaRPINSKI 


An Introduction to the Theory of Functions of a Real Variable. By 
S. Verblunsky. Oxford, Clarendon Press, 1939. 11+169 pp. $4.25. 


This text for students and teachers was written for the special 
purpose of furnishing a more rigorous and accurate treatment of the 
elements of the theory of functions of a real variable. It is based on 
notes of lectures delivered by Verblunsky to students in their first 
year at the University of Manchester. The subject matter is entirely 
standard, but the treatment involves much that is new and original— 
ingenious and elegant proofs for certain theorems and new ap- 
proaches to some parts of the subject. The dominant feature of the 
book is the presentation of the subject as a body of deductions from 
specified hypotheses. 

The material treated will be sufficiently indicated by the following 
list of chapter headings: Chapter I, Number; II, Sets and Functions; 
III, Convergence; IV, Continuity and the Derivative; V, The Ele- 
mentary Functions; VI, Primitives; VII, Limits and Higher Deriva- 
tives; VIII, Integrals; IX, Series. The elementary character of the 
book should be noted. There is no treatment of the properties of sets 
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of points, of measure, of Lebesgue integration, or of other modern 
topics. 

The treatment is different or unusual in a number of respects; 
some of them are the following. (a) In Chapter I there is a set of 
postulates from which all the results in the book are derived. These 
postulates do not form a mutually independent set; they were chosen 
in an effort to make the initial progress of the student rapid and easy. 
(b) In Chapter I also the principle of induction is stated as a postu- 
late; it is then used constantly, and whenever occasion demands, in 
proofs throughout the book. (c) Both Heine’s and Cauchy’s defini- 
tions of continuity are given, but the treatment is based largely on 
the former. Although there is a proof that the two definitions are 
equivalent, attention is not called to the use in it of the axiom of 
choice. Two definitions of a continuous function f(x) are given, one 
for a closed interval (Chapter IV, p. 51) and another for an open in- 
terval (Chapter VI, p. 83). Finally, the treatment of continuity is 
separated from the treatment of limits of functions of a continuous 
variable, the former being placed first in Chapter IV and the latter 
afterward in Chapter VII. (d) The treatment of the derivative, placed 
as it is in Chapter IV before the study of limits in Chapter VII, ob- 
viously involves new features. The derivative of f(x) at x =£ is shown 
to be the value ¢(£) of an auxiliary function ¢(x) which is continuous 
at x=£. There follow elegant derivations of all the standard proper- 
ties of the derivative. (e) The treatment of the elementary functions 
(exponential, logarithmic, trigonometric, hyperbolic) in the short 
space of fourteen pages in Chapter V is a gem. (f) The introduction 
of an equivalence relation indicates the care used in the treatment 
of primitives in Chapter VI. The familiar theorem now reads: a prim- 
itive of the sum of two functions is equivalent (not equal!) to the sum 
of primitives of these functions. (g) The integral treated in Chapter 
VIII is essentially a special case of the Perron integral. It is quite 
general and integrates with equal ease bounded functions and certain 
functions which become infinite at a finite number of points. It is 
shown that for a continuous function it is possible to approximate 
to the integral by the Riemann sums; in general, however, there is no 
treatment of integrals as the limits of sums. (h) The book contains 
a large number of examples. Some illustrate definitions and theorems, 
and others are additional propositions which are essential for later 
developments. Most of the examples are accompanied by proofs. 

To this reviewer it seems that Verblunsky has succeeded admirably 
in his effort to write a rigorous and accurate introduction to the theory 
of functions of a real variable. Furthermore, the literature has been 
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enriched permanently by original treatments of certain topics and 
the elegant proofs of numerous theorems which he has contributed. 
At the same time, the book has certain characteristics which this 
reviewer finds unfortunate in a text for beginners. They are these. 
(a) The subject has been completely divorced from its intuitive back- 
ground and also from its historical development. The book contains 
no figures, and there is no indication of the origin of any of the ideas 
involved or of their applications. There are no references to the his- 
tory of the subject. Even the names of mathematicians have been 
omitted ; those of Rolle and MacLaurin are the only ones this reviewer 
could find. (b) There is an authoritative air of finality about the 
book. There is no suggestion that other treatments can be given for 
many of the topics, or that interesting extensions and generalizations 
are possible in some cases. A book with these characteristics is not 
likely to offer much inspiration to a beginning student. Nevertheless, 
it is a valuable text for superior students who are reading independ- 
ently and for classes of an inspiring lecturer. 

The printing has been done with an accuracy worthy of the author’s 
success in producing a book of high mathematical quality. The re- 
viewer noticed only three typographical errors, all of which were small 
and obvious; no one would cause confusion even to the beginning 
student. The author and printer are to be congratulated on producing 
an excellent mathematical text. 

G. BALEy PrRIcE 


NOTES 


The University of Pennsylvania celebrated the two hundredth an- 
niversary of its origin in September 1940. Professor Hermann Wey] 
of the Institute for Advanced Study gave an address on The mathe- 
matical way of thinking. Dr. T. C. Fry of the Bell Telephone Labora- 
tories was chairman of the symposium on statistical methods in 
engineering. Associate Professor S. S. Wilks of Princeton University 
and Dr. W. A. Shewhart of the Bell Telephone Laboratories partici- 
pated in this symposium. 


The following members of the American Mathematical Society are 
in residence at the Institute for Advanced Study for all or part of this 
academic year: Dr. Warren Ambrose, Dr. Valentin Bargmann, As- 
sistant Professor D. G. Bourgin of the University of Illinois, Dr. A. 
T. Brauer, Professor Orrin Frink of Pennsylvania State College, Dr. 
Guido Fubini, Dr. Kurt Gédel, Dr. P. R. Halmos, Dr. M. H. Heins, 
Dr. Dorothy Maharam, Assistant Professor Gordon Pall of McGill 
University, Dr. Abraham Schwartz, Dr. C. E. Shannon, Dr. Seymour 
Sherman, Assistant Professor A. H. Taub of the University of Wash- 
ington, Dr. R. M. Thrall, and Professor W. J. Trjitzinsky of the Uni- 
versity of Illinois. 


The following persons are also to be at the Institute for Advanced 
Study during a part or all of the current academic year: Dr. C. L. 
Critchfield, Professor Shizuo Kakutani of Osaka Imperial Univer- 
sity, Professor Wolfgang Pauli of Ziirich Polytechnicum, and Pro- 
fessor C. L. Siegel of the University of Géttingen. 


Assistant Professor R. G. Sanger of the University of Chicago has 
been awarded one of three $1000 awards given at the University of 
Chicago to selected teachers for excellence in undergraduate teaching. 


Professor H. H. Dalaker of the University of Minnesota has been 
given the title emeritus. 


Professor Hermann Wey] of the Institute for Advanced Study has 
been awarded an honorary doctorate of science by the University of 
Pennsylvania. 


Dr. Frances E. Baker of Mount Holyoke College has been pro- 
moted to an assistant professorship. 


Dr. E. F. Beckenbach of Rice Institute has been appointed to an 
assistant professorship at the University of Michigan. 
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Dr. J. H. Curtiss of Cornell University has been promoted to an 
assistant professorship. 


Dr. Churchill Eisenhart of the University of Wisconsin has been 
promoted to an assistant professorship. 


Professor W. B. Ford of the University of Michigan has retired. 


Professor E. G. Harrell of the North Dakota State Teachers Col- 
lege, has been appointed to a professorship at the State Teachers 
College, Platteville, Wisconsin. 


Mr. L. B. Hedge of Brown University has been appointed to an 
assistant professorship at The Citadel. 


Dr. C. C. Hurd of Michigan State College has been promoted to 
an assistant professorship. 


Dr. J. F. Kubis of Fordham University has been promoted to an 
assistant professorship. 


Dr. S. B. Littauer of the U. S. Naval Academy at Annapolis has 
been promoted to an assistant professorship. 


Professor C. C. MacDuffee of the University of Wisconsin has been 
appointed to a professorship at Hunter College. 


Dr. W. H. Myers of the University of Utah has been appointed to 
an assistant professorship at San Jose Junior College, San Jose, 
California. 


Assistant Professor N. N. Royall of The Citadel has been appointed 
to an associate professorship at Winthrop College, Rock Hill, 
South Carolina. 


Dr. S. S. Smith of the University of Utah has been promoted to an 
assistant professorship. 


Associate Professor R. C. Stephens of Knox College has been 
promoted to a professorship. 


Dr. J. A. Ward of the Tennessee Polytechnic Institute has been 
appointed to an associate professorhip at Delta State Teachers Col- 
lege, Cleveland, Mississippi. 


Dr. L. R. Wilcox of the University of Wisconsin has been ap- 
pointed to an assistant professorship at the Illinois Institute of Tech- 
nology. 


880 NOTES 


Associate Professor P. A. De Vore of Central Missouri State Teach- 
ers College has been granted a leave of absence of this academic year. 


Dr. R. H. Fox of the Institute for Advanced Study has been made 
an associate at the University of Illinois. 


The following appointments to instructorships are announced: 
Brooklyn College: Mr. Saul Gorn, Dr. D. C. Harkin; College of the 
City of New York: Dr. G. N. Garrison; Cooper Union: Dr. Alvin 
Sugar; Duke University: Miss Mary E. Layne; Eastern Washington 
College of Education, Cheney, Washington: Mr. R. F. Bell; Gogebic 
Junior College, Ironwood, Michigan: Mr. K. F. McLaughlin; Illinois 
Institute of Technology: Dr. Herbert Busemann, Dr. J. J. DeCicco; 
Iowa State College: Dr. A. T. Lonseth; Johns Hopkins University: 
Dr. R. B. Kershner; University of Michigan: Dr. G. E. Hay, Dr. 
Wilfred Kaplan; University of Minnesota: Dr. J. M. H. Olmsted; 
University of Missouri: Dr. M. E. Shanks, Dr. J. V. Wehausen; Uni- 
versity of Nevada: Mr. E. M. Beesley; North Carolina State College: 
Dr. Abe Gelbart; Oklahoma Agricultural and Mechanical College: 
Dr. P. E. Lewis; Purdue University: Mr. C. D. Olds; Southern 
Methodist University: Dr. D. W. Starr; Texas Technological Col- 
lege: Dr. P. W. Gilbert; Vanderbilt University: Dr. John Dyer- 
Bennet; University of Wisconsin: Dr. S. M. Ulam. 


Mr. Jonathan Hodgkinson of Jesus College, Oxford University, 
died June 21, 1940, at the age of fifty-four years. 


The death of Professor A. E. H. Love of Oxford University has 
been reported. 

Dr. Frederic Marty lost his life June 14, 1940 while in the service 
of France. 


Dr. E. G. C. Poole of Oxford University died June 28, 1940, at the 
age of forty-nine years. 


Dean F. G. Wren of Tufts College died July 17, 1940, at the age of 
sixty-six years He had been a member of the Society since 1922. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


446. Warren Ambrose: Change of velocities in a continuous ergodic 
flow. Preliminary report. 


A flow is a 1-parameter group T;, — © <t< ©, of measure preserving transforma- 
tions of a space into itself. It is measurable (continuous) if T,P is a measurable (con- 
tinuous) (P, #)-function. If S is any measure preserving transformation of a space 2 
into itself, then a flow can be “built on S” as follows: consider the product space of 2 
with 0< x <1, with measure defined multiplicatively. Then define the flow by T,(P, x) 
=(S*P, t+x—n), where n is equal to the integral part of t+-x. It is shown that for 
any continuous ergodic flow on a separable metric space of finite measure the veloci- 
ties along the streamlines can be altered to obtain a flow built on a measure preserving 
transformation, that is, a subspace of the original space can be found whose product 
with 0 <x <1 is, with respect to measure properties, the original space (where measure 
on that original space is now the measure invariant under the altered flow) and such 
that the altered flow is built on a measure preserving transformation on this subspace. 
It is intended to use this theorem in a stuc’y of spectral properties which are invariant 
under a change of velocities. (Received August 5, 1940.) 


447. Salomon Bochner and I. J. Schoenberg: On positive definite 
functions on compact spaces. 

The expansion theorem for positive definite functions on finite-dimensional euclid- 
ean spheres, as stated in On positive definite functions on spheres by 1. J. Schoenberg 
(abstract 46-11-474), is contained in a general theorem concerning such functions on 
compact spaces on which a transitive group of transformations is defined. In the gen- 
eral case, as in the special case, the function is given as a function of two independent 
points which in addition to being positive definite is invariant under simultaneous 
transformations of both points by the same group element. (Received August 5, 1940.) 


448. D. G. Bourgin and Benjamin Epstein: A class of kernels gen- 
erated by a Laplace- Mellin transformation. 


The kernels discussed include those of the type of the generalized zeta function. 
The authors treat the inversion in L: of integrals with these kernels. (Received August 
5, 1940.) 


449. G. W. Brown: Reduction of certain composite statistical hy- 
potheses. 


The results obtained make it possible to reduce a large class of “composite” statis- 
881 
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tical hypotheses to equivalent “simple” hypotheses. The fundamental theorem estab- 
lished states essentially that if two distributions give rise, in sampling, to the same 
distribution of the set of differences between observations, then one distribution must 
be a translation of the other, subject to a condition requiring that the characteristic 
function of one of the distributions be such that any interior intervals of zeros be not 
too large. The result is established by means of the functional equation $(t,)¢(t2)¢(—t 
—te) =¥(th)v(te2)¥(—ti—t2) relating the characteristic functions. Similar results are 
obtained for scale, and combination of location and scale, and the corresponding situa- 
tions in multivariate distributions. This type of uniqueness theorem permits one to 
reduce a composite statistical hypothesis involving an unknown location parameter 
(or scale, or both) to an equivalent simple hypothesis. (Received August 2, 1940.) 


450. Leonard Carlitz: On the Staudt-Clausen theorem. 


The principal object of this note is to simplify both the proof and formulation of 
the “polynomial” analogue of the Staudt-Clausen theorem given some time.ago (Duke 
Mathematical Journal, vol. 3 (1937), pp. 503-517). (Received August 6, 1940.) 


451. H. B. Curry: The inconsistency of certain formal logics. 


In 1935 Kleene and Rosser published a proof that certain systems of formal logic 
were inconsistent in the sense that every formula which could be formulated in them 
was also demonstrable. This proof has been revised and simplified by the present 
author, who showed that the inconsistency depends, essentially, on the conjunction of 
two incompatible properties, called combinatorial and deductive completeness respec- 
tively (see abstract 43-3-118). The argument, in both the original proof and the re- 
vision, was a refinement of the Richard paradox. In the present paper it is shown that 
a contradiction can be derived by a much simpler argument based on the paradox of 
Epimenides. (Received August 6, 1940.) 


452. Samuel Eilenberg: Local connectedness in higher dimensions. 


A metric space Y which is locally p-connected in the homotopy sense for kSpSn 
(notation: Y is LC?) has the following property (P): Given any metric separable 
space X and a closed subset X; which is a" such that dim X —X,Sn-+1, every 
continuous mapping f(X1) C Y has an extension f(U) < Y where U is some open set 
containing X;. If Y is locally 0-connected then the property (P) is equivalent with 
Y being LC}. If the property (P) holds without the restriction dim X—XiSn+1 
then Y is said to be an absolute neighborhood retract starting from the dimension k 
(notation: Y is ANR;). If Y is compact then Y is an absolute neighborhood retract 
if and only if Y is 1 mages and ANR,. A compact space Y which is ANR, may not be 
locally p-connected for any p20; however, if Y is locally 0-connected then it is LC} 
for every n. (Received August 9, 1940.) 


453. Samuel Eilenberg: On homotopy groups. 


Let Y be an arcwise connected topological space. A singular simplex in Y is a couple 
(G?, f) where G? is a closed euclidean -simplex and f is a mapping f(G*) C Y. After 
a proper equivalence relation has been introduced, the totality of all the singular cells 
in Y was shown by Lefschetz to form a closure-finite complex S(Y). The nth homology 
group H*(S(Y)) coincides with the homology group H*(Y) obtained using singular 
chains and cycles. Given yore Y and m=0 let S,,(Y) be the subcomplex of S(Y) consist- 
ing of all singular simplexes (G?, f) such that every face of G? of dimension less than 
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m is mapped by f into yo. For every m the groups H*™(Y) =H*(S,,(Y)) are consid- 
ered where OSm<n. The groups H*-°(Y), H**(Y) and H*(Y) are isomorphic. If 
n>1 and the coefficients are integers, then H*-"(Y) is the nth homotopy group «,(Y) 
of Y. (Received August 9, 1940.) 


454. C. H. Forsyth: Statistical interpretations of the first auxiliaries 
of the Gaussian symmetrical method. 


While the Gaussian symmetrical method of applying least squares is well known 
and fully treated in mathematical literature, the fact that the first auxiliaries of that 
method form a veritable treasure house for most of the fundamental formulas of statis- 
tical theory (including those of means, dispersions and even of correlation coefficients) 
has not, apparently, been duly appreciated. The author applies the notation peculiar 
to statistical theory to discover all these formulas. (Received August 7, 1940.) 


455. Hilda P. Geiringer: A generalization of the law of large numbers. 


Let Vi(x), V2(x), - ++ , Va(x) be m probability distributions which are not supposed 
to be independent and let F(x, --- , x.) be a “statistical function” of m observations 
in the sense of von Mises, V;(x), 7=1,--- , m, indicating as usual the probability of 
getting a result equal to or less than x at the ith observation. Then it can be proved 
that under fairly general conditions F(x,,---, x2) converges stochastically to its 
theoretical value; or, in other words, that under these general conditions a great class 
of statistics F(x:, - + - , Xn) are consistent in the sense of R. A. Fisher. Well known par- 
ticular cases of this theorem result (a) if F(m,---, xn) is taken for the average 
(x: +x2+ -- + +x,)/n of the n observations, (b) if it is assumed that the V(x) are 
independent distributions. (Received August 5, 1940.) 


456. D. W. Hall and W. T. Puckett: Strongly arcwise connected 
Sets. 


In this paper two characterizations of strongly arcwise connected (see W. T. Puc- 
kett, this Bulletin, abstract 46-5-316) sets are obtained. The first characterization 
states that a locally connected continuum A is strongly arcwise connected if and only 
if every infinite collection of open sets in A contains an infinite subcollection intersect- 
ing some arc of A. Strong arcwise connectivity of a set at a point p is defined and a 
necessary and sufficient condition that the locally connected continuum M fail to 
be strongly arcwise connected at a point p is obtained. From this criterion it is de- 
duced that an arbitrary locally connected continuum M is strongly arcwise connected 
at all save possibly a countable number of its points. If no two points separate M, then 
M is strongly arcwise connected. (Received September 11, 1940.) 


457. D. C. Harkin: Fourier series as limits of Gaussian sums. 


By means of the cyclotomic algebra which Gauss introduces in the seventh section 
of the Disquisitiones Arithmeticae, Fourier series can be had as limiting cases of sums 
similar to those there considered. (Received August 15, 1940.) 

458. O. G. Harrold (National Research Fellow): Characterizations 
of some continua by continuous functions. Preliminary report. 


In this paper a study is made of mappings of a given continuum into the interval 
(0, 1) which are characteristic. This method has been used by Mazurkiewicz, Whyburn 
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and Eilenberg. New characterizations are given for the continua of finite degree and 
the continua having no continuum of condensation. For the last mentioned class of 
continua, a subclass of all continuous mappings is found with respect to which this 
type of continuum has much the same properties as the class of all continuous mappings 
with respect to the class of all Peano continua. If a mapping of A into B is calied of 
almost all finite sections provided that f~'(y) is finite, ye B, except for a countable set 
of points each of which has a countable inverse (A.F.S.), then a necessary and suffi- 
cient condition that a Peano continuum admit an A.F.S. map into (0, 1) is that each 
dendrite in the continuum have this property. This is related to a problem proposed 
by Cech (Fundamenta Mathematicae, vol. 18). (Received August 6, 1940.) 


459. M. H. Heins: A proof of Picard’s theorem by the fundamental 
theorem on the conformal mapping of simpy -connected Riemann sur- 
faces. 


Let G3 denote the universal covering surface of Gy», the extended w-plane with 
three distinct points a, b, c deleted. Gf is simply-connected, and, as the universal 
covering surface of the Riemann surface G,, Ge may be taken to be a Riemann sur- 
face. Hence GS can be mapped one-to-one and conformally onto one and only one 
of the following canonical domains: (1) the extended z-plane, (2) the finite z-plane, 
(3) the interior of the unit circle in the z-plane. The first possibility is readily excluded. 
As for the second, let w=w(z) denote a mapping function which allegedly maps the 
finite z-plane one-to-one and conformally onto G?. w=w/(z) would be automorphic 
under a group of linear transformations mapping the finite z-plane onto itself. From 
this one infers readily that w(z) must be doubly-periodic, simply-periodic, or a con- 
stant. In each case a contradiction is manifest. Hence G2 must be of hyperbolic type. 
Picard’s theorem that a function, not a constant, meromorphic in the finite plane, 
can omit at most two values follows immediately. (Received August 6, 1940.) 


460. L. C. Hutchinson: On the classification of the trivector. 


In this paper the author finds by a new method the known canonical forms for 
trivectors, or alternating tensors of the third valency, in eight dimensions, as well as 
new forms which do not exist as canonical forms except in the real domain, and ex- 
amines some of their geometrical properties. This paper is based on the author’s work 
for the doctorate at the Massachusetts Institute of Technology. (Received August 6, 
1940.) 


461. Nathan Jacobson: Restricted Lie algebras of characteristic p. 


In this paper certain identities previously noted connecting pth powers, a+6, 
aa, a in the field and [a, b] =ab—ba in an associative algebra of characteristic p~0, 
are proved to be characteristic of these operations. This is shown by defining the con- 
cept of an abstract restricted Lie algebra and proving that any such algebra L may 
be obtained as a subset of an associative algebra closed under the above operations. 
Among the minimal associative algebras determined by L in this way, there is one 
which is universal in a certain sense. The derivation algebra of any algebra of charac- 
teristic p is an instance of a restricted Lie algebra. A notion of a restricted derivation 
of a restricted Lie algebra is defined. These form a restricted Lie algebra and may be 
used to define a restricted holomorph. If L has a finite basis it has a (1-1) representa- 
tion by finite matrices. An analogue of Engel’s theorem holds in this case. (Received 
August 9, 1940.) 
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462. R. L. Jeffrey: Integration in abstract space. 


A theory of integration in a complete normed vector space is given which is shown 
to be equivalent to that given by G. Birkhoff (Transactions of this Society, vol. 38 
(1935), pp. 357-378). This theory is in the spirit of the classical theories for real and 
complex variables. In particular it makes no use of convex sets, and, as a consequence 
of this, the developments are as simple as those of the classical theories. (Received 
August 3, 1940.) 


463. F. B. Jones: Quasi-continuous curves and certain boundary 
problems. 


A continuum M is said to be quasi-connected at P if P belongs to M and for each 
point X of M—P there exists a continuum which lies in M—X and contains an open 
subset of M containing P. A continuum which is quasi-connected at each of its points 
is said to be a quasi-continuous curve. The class of quasi-continuous curves includes 
as proper subclasses both the class of continuous curves and the class of semi-locally 
connected continua, whereas neither of the latter classes includes the other. The first 
part of the paper deals largely with the similarity between quasi-continuous curves 
and continuous curves in a Hausdorff space. The second part of the paper deals with 
boundary problems in a space whose only two-dimensional feature is the Jordan curve 
theorem. If P is a point of a continuum K in such a space so that (1) K is locally com- 
pact at P and (2) K is quasiconnected at P, then K together with all but a finite num 
ber of its complementary domains is connected im kleinen at P. As an interesting ap- 
plication of this theorem, it is shown that a proposition analogous to Whyburn’s gen- 
eralization of the Torhorst theorem for the plane holds true in these abstract spaces. 
(Received August 10, 1940.) 


464. S. C. Kleene: Recursive predicates and quantifiers. Preliminary 
report. 


Consider the following forms of expression: R(m), (Ex)R(n, x), (x)R(n, x), 
(x)(Ey)R(n, x, y), (Ex)(y)R(n, x, y), >> + . The variables n, x, y,--- range over non- 
negative integers. The quantifiers (E.) and (.) express “there exists an . such that” 
and “for .,” respectively. Choose one of the forms, and let R be a predicate (that is, 
propositional function) of the variables used in that form. Then the expression repre- 
sents a predicate P of the variable m. As defined by Herbrand and Gédel, a general 
recursive predicate has a certain kind of algorithm, which, for given values of the 
variables, leads to a decision as to the truth or falsity in a finite number of steps. 
According to Church, this kind of algorithm is the most general possible. To each of 
the above forms, a general recursive R can be chosen, such that the resulting P is not 
given by any of the other forms with the same or fewer quantifiers, for any general 
recursive R whatsoever. This includes, for the first of the above forms, Church’s re- 
sult on an unsolvable problem of elementary number theory, and for the second, a 
part of Gédel’s results on the incompleteness of- formal deductive systems. The R 
chosen for each form is primitive recursive. (Received August 7, 1940.) 


465. R. E. Langer: On the theory of irregular differential boundary 
problems. Preliminary report. 


A matrix differential boundary problem Y’=(AR+B)Y, W.Y(ac)+W,Y(b)=0, 
is familiarly classifiable as regular, mildly irregular, or highly irregular, according 
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as the characteristic equation possesses or does not possess certain structural peculi- 
arities. In any event, if an infinity of characteristic values exists, an “arbitrary” 
function may be formally associated with an “expansion” in characteristic solutions 
of the problem. Under appropriate conditions this expansion is known to be conver- 
gent or summable to the given function if the problem is respectively regular or mildly 
irregular. There is, however, little in the way of general theory for the highly irregular 
cases. This paper seeks to obtain such theory by the study of a boundary problem 
which depends upon an additional parameter v, in such a way that it reduces to the 
given (irregular) problem for some specific value of », while it remains regular for ad- 
jacent values. It is shown that in a specifiable sense the expansions associated with 
irregular cases of certain categories may be regarded as summable to the given func- 
tion. (Received August 2, 1940.) 


466. W. G. Madow: Contributions to the theory of the representative 
method of sampling. 


The theory of representative sampling may be regarded as a dual process, the 
first consisting in sampling different random variables and the second in repeating 
several times the experiments associated with each of the different random variables. 
It follows that while the theory of sampling from finite populations without replace- 
ment may be required for the first process, the second leads directly into the theory of 
sampling from infinite populations. There is, however, one difference. The usual 
theory is concerned with the evaluation of fiducial or confidence limits for, say, the 
mean of a sample of N when n, (N27), of the values are known. It is thus possible 
to use the usual theories of estimation in obtaining estimates of the parameters and 
to allow the effects of the subsampling process to show themselves in the different 
values of the fiducial limits. It is shown that the limits obtained are almost identical 
with those obtained ty the theory of sampling from a finite population. Distributions 
of the statistics used in these limits are derived. Besides these results, the theory is 
extended to that of sampling vectors and the conditions are stated under which the 
“best” allocation of the number in a sample among several strata is proportional to 
the kth roots of the generalized variance of a random vector having k components. 
(Received August 2, 1940.) 


467. Jerzy Neyman: Conception of equivalence in the limit of statis- 
tical tests and its application to certain forms of x? and to the tests based 
on the X principle. 


Denote by T; and T: two different tests of the same hypothesis H and by N the 
number of observations to be used to test H. Definition: if the probability of T; and 
T2 contradicting themselves tends to zero as N is increased, then 7; and 7; are called 
equivalent in the limit. Consider an experiment which will produce one of the results 
E,, Ex,--- , E,, the probability of E, being p;. This experiment is to be repeated n 
times and ; will denote the number of occurrences of E;. Denote by H the hypothesis 
that , where f; is a function of parameters 6;, with continuous 
derivatives of second order such that d(f;, fe, 02, , 0%) <0. Suppose 
that H is tested against a set of alternatives ascribing to the p’s any non-negative 
values, such that }-;p;=1. Under those conditions each of the following x? tests is 
equivalent in the limit to the test based on the 2 principle: (1) test J; consists in the 
rule of rejecting H whenever >x*a, where pi denotes the maxi- 
mum likelihood estimate of ~;; (2) test T2 consists in rejecting H whenever 
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—np;)?/nPi >22a, where denotes the value of p; minimizing 
(3) test consists in rejecting H whenever > where de- 
notes the value of minimizing (Received September 11, 1940.) 


468. Isaac Opatowski: On the motion of an electric particle. 


The motion of an electrically charged point mass under the action of a magnetic 
force §= —grad U(P) and an electric force € = —grad V(P) is studied in the case in 
which U and V are harmonic functions satisfying the conditions: (1) grad 
W(P)=uX, C=u-€ where W is a certain function (generalization of the ordinary 
stream function), C is a scalar constant, u=a+b Xr, where a, b are two constant vec- 
tors and t is the radius vector. The most important fields of mathematical physics, 
that is, general plane fields, all fields symmetric about an axis of revolution and 
many others are included in (1). The integral of momentum is explicitly given in 
terms of W and C. Regions of space are determined within which, for a given energy 
and a given constant of momentum integral, no motion is possible (generalization of 
Stoermer’s “forbidden regions”). Equations of certain trajectories are explicitly 
given. The paper deals with both constant and relativistic mass. (Received August 2, 
1940.) 


469. Gordon Pall: On the arithmetic of ternary quadratic forms. 


The fundamentals of the arithmetic of ternary quadratics is presented with modi- 
fications of the usual invariants, leading to very considerable simplifications. Among 
the topics treated are: order invariants, form-residues, generic characters, five equiva- 
lent definitions of genus, the number of existing genera, simultaneous representation, 
simultaneous characters, the numbers represented by a genus, zero and universal 
forms, rational equivalence, reduction formulas for the representations of pm or f'n, 
and so on. (Received August 5, 1940.) 


470. Everett Pitcher: The cap heights of a sum function on a product 
space. 


This paper contains a solution under some restrictions of a problem in critical 
point theory arising in the work of M. Morse and C. Tompkins (see Annals of Mathe- 
matics, (2), vol. 38 (1937), pp. 386-449 and vol. 40 (1939), pp. 443-472, and forth- 
coming papers) on the problem of Plateau. M and N denote metric spaces and f(x) 
and g(y) positive functions defined upon them. It is assumed that (i) the sets fSc< © 
are compact, and (ii) the cap heights of f form an increasing sequence, finite or with 
+ as limit. It is assumed that g satisfies (i) and (ii) also. On MXN, h[xXy]=f(x) 
+g(y) and satisfies (i) and (ii). Vietoris topology with coefficients from a field is used. 
An arbitrary maximal group of k-caps of h at height ¢ is shown to be isomorphic to a 
direct sum of homology groups H*(c, d). The summation extends over all pairs c, d 
of cap heights of f and g respectively with sum ¢. The group H*(c, d) is the homology 
group of classes of k-cycles on the relative product space [fc] x [g<d]¢—mod 
[fc] x [g<d]u [f<c] x [gsd]. Some consideration is given to homology groups of 
a product space. (Received August 6, 1940.) 


471. Hillel Poritsky and H. D. Snively: Doubly periodic networks. 


A solution is obtained for the doubly infinite number of linear equations of a 
doubly periodic network. Expressions are obtained for the self and mutual impedances 
as double integrals which are then reduced to elliptic integrals (of all three kinds). 
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These impedances are also evaluated by direct numerical methods of successive 
approximation. (Received August 21, 1940.) 


472. J. F. Randolph: Some properties of sets of the Cantor type. 


Given a,;2a2= --- >0O where > .a.=1, let S consist of the numbers x for which 
there exists a sequence {«,.}, where each is 0 or 1, such that x=) nendn. (If an = 2/3" 
then S is the Cantor set.) Theorem: a, = eS a; is a necessary and sufficient con- 
dition that corresponding to 0 Sz <2 there exists an xe S and ye S such that x+y=z. 
Also some results are given on the Carathéodory and Gillespie linear measures of 
cartesian products of sets of the Cantor type. (Received August 6, 1940.) 


473. W.T. Reid: A new class of self-adjoint boundary value problems. 


This paper treats a differential system consisting of the vector differential equation 
Lhyj= y’ —A(x)y=)B(x)y and two-point boundary conditions s[y]= My(a)+Ny(b) 
=0 which is self-adjoint under the nonsingular transformation z= 7(x)y and satisfies 
the further conditions: (1) the matrix S(x)=7(x)B(x) is symmetric on ab; (2) 
Hly]=f-yTL[y]dx>0 for all vectors y satisfying s[y]=0, B(x)y(x) #0, and for 
which there exists a corresponding vector g(x) such that Ly] = Bg on ab; (3) y=0 is 
the only vector satisfying on ab the conditions <[y]=0, By=0, s[y]=0. The chief 
distinction between these conditions and those defining a definitely self-adjoint 
boundary problem (Bliss, Transactions of this Society, vol. 44 (1938), pp. 413-428) 
is that the above hypothesis (2) on H[y] replaces a corresponding definiteness as- 
sumption on the matrix S(x). Such systems are shown to possess fundamental proper- 
ties similar to those previously established for definitely self-adjoint problems. In 
particular, certain important types of boundary problems associated with the calculus 
of variations which are not definitely self-adjoint do belong to this new class of prob- 
lems. (Received August 6, 1940.) 


474. I. J. Schoenberg: On positive definite functions on spheres. 


The positive definite functions on m-dimensional spheres and on spheres in Hil- 
bert space are explicitly determined. In ordinary terminology the results are as fol- 
lows: I. Let f(x) be real and continuous in the interval —1<x<1. Let A=|laial| 
denote an arbitrary n-rowed symmetric matrix of a positive quadratic form whose 
rank does not exceed the fixed number m+1 (m21). Moreover *=Gnn 
=1. The quadratic form corresponding to the transformed matrix f(A) =|| f(asx)|| is 
also always positive if and only if f(x) admits throughout [—1, 1] an expansion in 
ultraspherical polynomials f(x) with nonnegative coefficients 
py 20. II. The assumptions on f(x) and the matrix A are as above except that there 
is now no restriction whatever on the rank of A. The quadratic form of f(A) =|| f(asx)|| 
is also always positive if and only if f(x) =pot+pixtpox+ ---,(—1Sx1; p,20). 
(See Pélya and Szegé, vol. 2, p. 107, where the sufficiency of the power series expan- 
sion for f(x) is stated as Problem 37.) The second theorem is derived from the first by 
letting m-> ©. This passage to the limit is carried through by means of the following 
new estimate: | P®(cos < P®(1) { ((1-+cos* @)/sin (26)} 
if 0<@<x/2, and n=1, 2, 3,---. (Received August 5, 1940.) 


475. I. M. Sheffer: On the singularities of functions under certain 
linear transformations. 


The linear transformations under consideration are all of the form L[y(x)] 
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=) 2L,(x)y™(x). When L[y(x)]= F(x), the relation between the singularities of 
F(x) and those of (x) is examined. The theorems obtained are analogous to the well 
known theorems of Hadamard and Hurwitz on the singularities of power series com- 
pounded from given power series; indeed, these latter theorems are but particular 
instances of the results of the present work. (Received August 6, 1940.) 


476. D. C. Spencer: On an inequality of Grunsky. 


Let W be a Riemann domain which, for simplicity, is assumed to be the map of 
|z| <1 by a function f(z) regular in |3| 1, and let n(w) be the number of times the 
point w is covered by W. Suppose that (w) <n(0). Then Grunsky (Dissertation, 
Schriften des mathematischen Seminars der Universitat Berlin, vol. 1 (1932), pp. 
113-118) proves the following inequality (a case of the theorem of the geometric and 
arithmetic means in which the weight function is not necessarily of constani sign): 
exp {(1/2xn(0))/slg R’d@} where B is the boundary of W. 
In this note a new and simple proof of the inequality is given for more general domains 
W which are only mean n(0)-valent (that is, under conditions less restrictive than 
n(w) Sn(0)). The inequality is applied to obtain a more precise version of a theorem 
of Bermant (Comptes Rendus de I’Académie des Sciences, Paris, vol. 207 (1938), 
pp. 31-33). (Received August 6, 1940.) 


477. Gabor Szegé: Power series with multiply monotonic sequences 
of coefficients. 


A sequence {ao, a:,--- } is called monotonic of order k if the differences Aa, 
defined by Aa, =an, 41, AM =AMA®— are non-negative for O<vSk, 
nz=0. Let a, #0. Fejér proved (Transactions of this Society, vol. 39 (1936), p. 57) that 
¥a,2" is regular and univalent for |z| <1 provided {a,} is monotonic of order k=4. 
He also showed that this is not true for k=1. In the present paper it is proved that 
the assertion in question remains true for k=3, but not for k=2. The latter fact has 
been established by a different method by Mr. S. Szidon (Acta Szeged, 1940). (Re- 
ceived September 11, 1940.) 


478. W. J. Trjitzinsky: Properties of growth for solutions of differ- 
ential equations of dynamical type. 


In the background of this work are, in part, certain memoirs of A. Liapounoff, 
P. Bohl, E. Cotton, and O. Perron. The developments for linear systems are based on 
characteristic numbers and product integration. The nonlinear systems are investi- 
gated, in part, with the aid of the theory of linear systems. In the study of the non- 
linear problem, use is made of characteristic numbers and of successive approxima- 
tions. The latter method is associated with some of the present author’s earlier work 
in the field of differential equations. (Received August 5, 1940.) 


479. Abraham Wald: Asymptotically shortest confidence intervals. 


Let f(x, 0) be the probability density function of a variate x involving an un- 
known parameter 0. Let x;, x2,° ++, Xn be m independent observations on x and let 
C,(8) be a positive function of @ such that the probability that F(x, 0)= a) ee 
log f(%a; 6)/a0| <C,(0) is a constant 6 when @ is the true value of the parameter. De- 
note by 0(x, - , Xn) the root in @ of the equation F(x, 0) =C,(@) and by 6(m, - - - , Xn) 
the root of F(x, 0)=—C,(0). Under some weak assumptions on f(x, 9) the limiting 
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interval %n)=[0(x1, +++, Xn), 0(%1,°**, for is a shortest un- 
biased confidence interval (for the definition of a shortest unbiased confidence inter- 
val, see J. Neyman, Philosophical Transactions of the Royal Society of London, vol. 
236 (1937), pp. 333-380) of @ corresponding to the confidence coefficient 8. This con- 
fidence interval is identical with that given by S. S. Wilks (Annals of Mathematical 
Statistics, vol. 9 (1938)). Wilks has shown that 6,(m,--+, xn) is asymptotically 
shortest in the average compared with all confidence intervals computed on the basis 
of statistics belonging to a certain class C. In the present paper it has been proved 
that the confidence interval in question is asymptotically shortest compared with 
any arbitrary unbiased confidence interval, without any restriction to a certain class 
of functions. (Received August 5, 1940.) 


480. Norbert Wiener and Aurel Wintner: Discrete chaos. 


The ordinary method of introducing the Lebesque integration needed in statis- 
tical mechanics in terms of a probability density referred to a product space works in 
systems of a finite number of degrees of freedom, but breaks down in the case of an 
infinity of degrees of freedom. An alternative method is developed in this latter case, 
depending on an infinity of probability densities of finite sets of particles. (Received 
September 11, 1940.) 


481. S.S. Wilks: On the problem of two samples from normal popula- 
tions with unequal variances. 


Suppose O,, and O,, are samples of m; and m2 elements from normal populations 
Il, and Il respectively. Let a,, o? and a,, ¢, be the means and variances of II, and II; 
and let O,, and O,, have means #; and #; and variances s; and s} (unbiased estimates of 
o;, 2) respectively. It is shown that there exists no function (Borel measurable) of 
£2, St, $3, a: —@2 independent of o; and 3, having its probability law independent 
of the four population parameters. It is therefore impossible to obtain exact confi- 
dence limits for a; —a2 corresponding to a given confidence coefficient. Functions of the 
four parameters and four statistics are devised from which one can set up confidence 
limits for a;—a2 with associated confidence coefficient inequalities. (Received August 
2, 1940.) 


482. W. L. G. Williams: The application of hyperbolic complex 
numbers to the geometry of the triangle. 


A complex number a+)j, in which a and BD are real numbers and j?=1, is called a 
hyperbolic complex number. If such a number is designated by z and is represented 
as a two-dimensional vector, the vector 2j is said to be pseudo-perpendicular to z. 
When the concept pseudo-perpendicular takes the place of perpendicular, new points, 
related to a triangle, are found, analogous to orthocentre, circumcentre and nine-point 
centre. These points lie on a straight line with the centroid of the triangle. There exist 
rectangular hyperbolas analogous to the circumcircle and nine-point circle. There is 
an analogue of Feuerbach’s theorem. (Received August 6, 1940.) 


483. Antoni Zygmund: Power series of the class H* on the circle of 


convergence. 


If the function f(z) =)_cn2" belongs to the class H*, where 0<) <1, then the series 
cn is summable (C, 1/A—1) for almost every @. (Received August 19, 1940.) 
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484. A. T. Brauer: On a problem of partitions. 


Let a1, a2, ++ + , 2x be relatively prime positive integers. The purpose of this naper 
is to determine bounds F(a, a2, ---, a) such that the Diophantine equation 
- always has solutions in positive integers x, %2,---, Xz 
for n> F(a, a2, , ax). (Received September 27, 1940.) 


485. A. B. Brown: On the number of independent parameters. 


Let f(x1, ,@m) bea function of class (q specified in the paper). 
To form matrix (M), take df/d01,- +--+ , Of/dam as first row. As further trial rows, take 
the derivatives to a, a2, --- , a&m of derivatives of f to the x’s, in the following order: 


Of/O%n, +, af/ax, If the set of derivatives to a,--+, am 
increases the rank of the matrix, the derivative, say 02/0x,, is accepted, otherwise 
rejected. The algorithm continues until the accepted derivatives are the only deriva- 
tives of z which are not rejected derivatives or derivatives of rejected derivatives. If 
kis the number of rows of the resulting matrix, then all functions f are given by varying 
k of the parameters, keeping the other n—k constant; furthermore, no function is given 
twice in this way. Certain “singular points,” forming a nowhere dense closed set, 
must be avoided. It is proved that not all functions can be obtained by varying less 
than k parameters. Further, given g(x, , Xn, , where f(x, a) and g(x, 8) 
are the same set of functions of (x), but nothing is assumed as to relationship between 
(a) and (8), the same number & of parameters is needed for g(x, 8). (Received Septem- 
ber 25, 1940.) } 


486. M. M. Day: Some more uniformly convex spaces. 


For a sequence of Banach spaces [B;], i=1, 2,--- , define B=]]”{ B;} to be the 
space of sequences b= {b;} with B; and ~ (Shell < Complementing 
an earlier result of this writer (abstract 46-9-396) it is shown that [[?{ B;} is uniformly 
convex if B;=]* or L% and if 1<m<M< exist with m <p; < M for allz. Aconjecture 
of Boas (this Bulletin, vol. 46 (1940), p. 304) that the spaces IIl*{B;} with B;=B,y 
for all z, as well as the spaces L?(Bo) (consisting of all Bochner integrable functions 
fon, say, (0, 1) with values in Bo and || fl] =(/3| f()| 2dt)"*< ©), are uniformly convex 
if By is shown to be true. A sequence of spaces { B;} is said to have a common modulus 
of convexity if for each e, 0<€S2, there is a 6(€)>0 such that for each i and each 
pair of points };, with | =1 and ||>e, the relation ||;+ 
b;'|| <2(—8(€)) holds. The results mentioned above are corollaries of the following 
theorem: []?{ { B,} i is uniformly convex if and only if the B; have a common modulus of 
convexity. (Received September 21, 1940.) 


487. Aaron Fialkow: The conformal theory of a hypersurface. 


For a hypersurface V,_; in any Riemann space V, (n>2), the author shows that 
it is possible to define three quadratic differential forms which remain unchanged 
under any conformal mapping of Vz, not necessarily on itself. These forms are the 
conformal fundamental forms of the hypersurface V,_1. If 2 >3, the coefficients of the 
third conformal fundamental form may be expressed in terms of the coefficients of 
the first and second conformal fundamental forms. If Vr_1 and Va-1 are hypersur- 
faces of V, and Vn respectively and Vit>Vn, Vn-1¢>%Vn-1 by a conformal map, then 
the conformal fundamental forms of Vn-1 and Vas are equal. Conversely, if V, and 
Va are conformally euclidean spaces and the conformal fundamental forms of Vr_1 
and Vn-1 are equal, then a conformal transformation exists so that Vat>Vn, Va-1 
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«+Viu. In any V,, a hypersurface exists whose conformal fundamental forms are any 
preassigned quadratic differential forms whose coefficients satisfy certain partial 
differential equations analogous to the classical Gauss-Codazzi equations. The Weyl 
conformal curvature tensor of V, plays a role analogous to that of the Riemann curva- 
ture tensor in classical differential geometry. The case nm =3 occupies a special position 
in this theory. (Received September 23, 1940.) 


488. G. E. Forsythe: On Riesz summability methods of order 1, 
yor R(r) <0. Preliminary report. 


Let A, and B, represent M. Riesz’s (discrete resp. continuous) summability 
methods for sequences, as defined by Agnew (Transactions of this Society, vol. 35 
(1933), pp. 532-548). It is known that A, and B, and Cesaro C, are equivalent for 
—1<r31, while A, and B, are not equivalent for the real part of r, R(r) < —1, nor 
for certain values of r>1. By aid of Theorem 5.1 (op. cit.) the present paper obtains 
a criterion for the equivalence of A, and B, for R(r) <0 in terms of the reciprocal of 
$-(x) n'x", and applies it to prove that and (— © <h<) are 
equivalent if and only if h=0. (Received September 25, 1940.) 


489. Saul Gorn: Homomorphisms and modular functionals. 


Using CA to represent the complements of elements of A, an ideal in a comple- 
mented modular L is called a C-ideal if CU is an ideal; C% is a x-ideal if W is a c-ideal 
and dually. If 4=CCU, H is called neutral (identical with Garrett Birkhoff’s defini- 
tion). An & fulfilling both conditions is called C-neutral. The general homomorphism 
theorem for complemented modular lattices is given by the C-neutral ideals. Letting 
%’ be the elements orthogonal to all elements of Y, a C-neutral ideal is normal if and 
only if it is normal in Stone’s sense: A’ = A. The homomorphism L-L/Y takes normal 
ideals containing or equal to & into normal ideals; conversely if A is normal. L is 
called ideally irreducible if it contains no non-trivial C-neutral normal ideal. L/% is 
ideally irreducible if and only if & is a maximal (or prime for z-ideals) C-neutral nor- 
mal ideal. Using the Wilcox-Smiley continuity conditions, a quasi-norm is uniquely 
determined by its generating normal C-neutral & if and only if L/Y is ideally irreduci- 
ble (that is, % maximal if non-trivial). This generalizes results mentioned in abstract 
45-1-16. (Received September 12, 1940.) 


490. N. A. Hall: The solution of the quadrinomial equation in in- 
finite series by the method of iteration. 


The roots of the quadrinomial equation z"*"** —z™*"-++-5z™-++-a =0 may be expressed 
as double power series in the two complex variables a and b. These solutions have been 
previously developed by use of the Lagrange expansion and also by use of differential 
resolvents. In this paper, these results are reproduced and extended by the direct 
method of solution of the equation by iteration as previously applied by the author 
to the trinomial equation (this Bulletin, vol. 44 (1938), p. 337). The solutions are ex- 
hibited as generalized hypergeometric series in the two variables a and b. These series 
give the set of m-++-n+k roots covering the quadrant of absolute values of a and b 
except for the small region covered by the branch points of the roots. The relation 
between these singularities and the domains of convergence for the double series is 
shown. (Received September 27, 1940.) 


491. Einar Hille: A class of differential operators of infinite order. 


The author studies the differential operator G(5,) where G(w) is an entire function 
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and 56,=2*—d?*/dz* is the operator of the Hermite-Weber equation. Necessary and 
sufficient conditions are found in order that G(5,) shall apply to various classes of 
analytic functions, in particular entire functions. The conditions differ in some re- 
spects fundamentally from corresponding conditions for the operator G(d/dz). Rela- 
tions are found between the orders and types of G(w), f(z), and G(é,) - f(z). The equa- 
tion G(é,)- W= F(z) is studied with the aid of summable Fourier-Hermite series. 
If F(z)~>_ Faha(z), then formally W(z)~>~ Waha(z), where G(2n+1)W.=F,. Suffi- 
cient conditions are found under which this formal procedure leads to an actual solu- 
tion and a uniqueness theorem is proved. Some examples are discussed which show 
that if the operator 6, is replaced by other second order differential operators D, then 
the applicability of G(D.) to entire functions may be governed by completely different 
conditions. (Received August 30, 1940.) 


492. Loo-Keng Hua: Some “Anzahl” theorems in the theory of groups 
of prime-power order. 


A group G of order p* (p being a prime) is said to be of rank 6 if the maximum of 
the order of elements of G is equal to p*— 5. The author selects the following theorem to 
be announced: If G is a group of order p* (p23, u2= 2a) of rank a, then (i) G contains 
one and only one subgroup of order p* (a S$mSn) of rank a; (ii) G contains p* cyclic 
subgroups of order p* (a<m<n—a-+1) and (iii) G contains p"** (a<m<n—a) 
elements which satisfy x?" =1. The second and the third statement solve the “Anzahl” 
theorems of Miller’s and Kalakoff’s type. (Received August 31, 1940.) 


493. Loo-Keng Hua: The lattice points in a circle. 


Let R(x) denote the number of lattice points in the circle m?-+-n?=x. The object 
of the paper is to prove that R(x)=xx+0(x***), «=13/40, which is better than 
Titchmarsh’s result (Proceedings of the London Mathematical Society, (2), vol. 38 
(1933), pp. 96-115) with an error term O(x/+*), Notice that Vinogradow’s proof of 
the error term O(x!7/5+) is incorrect (Bulletin de I’ Académie des Sciences de l’URSS, 
vol. 7 (1932), pp. 313-336). (Received August 31, 1940.) 


494. W. H. Ingram: A generalization of Erhard Schmidt's solution 
of the nonhomogeneous integral equation. Preliminary report. 


It is first proved that the Hilbert transform of an arbitrary step-wise continuous 
vector matrix has, in terms of the characteristic solutions of the equation ¢,(x) =), 
(x, an absolutely and uniformly convergent development which repre- 
sents the transform in the sense of least squares when the scalar coefficients are com- 
puted by means of the associated characteristic functions y,. As in abstract 46-5-282, 
is a non-symmetric square matrix, and ¢, and y¥,, respectively, column and line 
matrices which can be biorthonormalized. In this sense of equality and on the basis 
of this expansion theorem, the generalization of Schmidt’s result previously announced 
is independently derived. (Received August 27, 1940.) 


495. L.H. Loomis: The decomposition of meromorphic functions 
into rational functions of univalent functions. 

The general question discussed is this: given f(z) meromorphic in |z| <1, when 
does there exist a decomposition f(z) =f2(f:(z)) where ¢=f.(z) is univalent in |z| <1, 
and f,(¢) is a rational function? A simple but typical result is that if f(z) is meromor- 
phic in |z| <1, then the decomposition is possible. Necessary and sufficient conditions 
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are derived for the general case. Stronger theorems are proved for situations in which 
¢=fi(x) is the mapping function of a simply-connected plane region which is not of 
the most general type, for instance, a Jordan region. Analogous theorems are developed 
for f(z) regular and bounded in |z| <1 and f2(f) restricted to special types of rational 
functions, say polynomials. In proof, the author considers the possibility of imbedding 
the Riemann surface which is the map of |2| <1 under w=f(z) in the Riemann surface 
of the inverse of a rational function. (Received September 23, 1940.) 


496. P. T. Maker: A topological characterization of monotone func- 
tions. Preliminary report. 


Let f(s), a function from S to X, both topological spaces, be in M(S, X) if the 
complete inverse image of every connected set in X is connected. It is shown that 
M(R, R:) is the class of monotone functions, and that for other spaces M includes 
the functions “monotone” by previous generalizations. Conditions on S and X, in 
order that f(s) have certain continuity properties, or that M be complete or compact, 
are determined. (Received September 28, 1940.) 


497. E. R. Ott: A locus determined by an algebraic correspondence. 


Let P and Q be two variable vertices of a hexagon inscribed in a conic and let the 
other four vertices be fixed. If P and Q have parameters ¢’ = F(é) and #’ =G(#), where 
F(t) and G(¢) are functions which establish an (m, n) algebraic correspondence be- 
tween P and Q, then as ¢ varies the Pascal line of the hexagon envelopes a curve of 
class (m+n) and of order 2(m-+-n—1). Each of the two fixed sides of the hexagon 
which are adjacent to the variable side is a multiple tangent of the locus. All of the 
Pluecker characteristics of the curve are obtained and are independent of the order 
of the vertices of the hexagon. (Received September 14, 1940.) 


498. Francisco Perez: A generalization of the theory of invariant 
factors and similar matrices. 


E. H. Moore’s general identity matrix dg, (E. H. Moore, General Analysis, Part I) 
for a right linear space Dt of vectors on a finite range to W is shown to exist even 
when Y is a number system of type B, provided Mt has the property of being perfect. 
In a perfect space M of rank r, to every matrix ¢ of type MM and of rank r corresponds 
uniquely a matrix ¢~ of type MM such that S¢-¢=S¢¢-!= 5g. When multiplica- 
tion is commutative, it is shown (without using determinants) that every matrix x 
of type MM determines uniquely a set of polynomials P;(z) (i=1, 2,---, #) called 
the invariant factors of x in It. The sum of the degrees of these polynomials is 
equal to r, and P;,; divides P;. It is shown that P,(x)=O(¥P), where x°=O(PF). 
Two matrices K; and kz of type MM are said to be similar in Mt if there exists 
a matrix ¢ of type MM and of rank r such that K2=SS¢—ki¢. Two matrices of 
type MM are similar in M if and only if they have the same invariant factors in M. 
(Received September 14, 1940.) 


499. L.B. Robinson: A functional equation with a singular line. 


The equation (I) u’(x) =a(x)u(x*) can be transformed into (II) w’(z) =e%a(e)w(2z) 
which in general has a solution with z=0 as singular point. The exceptional case is 
given by the vanishing of a determinant. In general the circumference of the unit 
circle is a singular line of u(x). The necessary and sufficient condition for the failure 
of this rule has been found. (Received September 14, 1940.) 


O 


1940] ABSTRACTS OF PAPERS 895 


500. L. B. Robinson: A functional equation with negative exponent. 


Consider the system uz’(x) =(A/(1+2*)) [Pa(x)/Qn(x) ]u(x), =(—d/(1 
+x*)) [Pn(x)/Qn(x-) Ju(x?). The solution of this system is u(x)=uo{1+rd¢i(x) 
*ps-1(x*)dé. If the value of r is rightly determined, the two series u(x) and u(x~) 
converge and are consistent. (Received September 14, 1940.) 


501. Jenny E. Rosenthal: Generating functions and properties of 
certain orthogonal polynomials. 11. 


The nonhomogeneous differential equation satisfied by generating functions for 
orthogonal polynomials reduces in the simplest possible case to an algebraic equation. 
Its solution is the generating function of a certain type of Szegé-Bernstein polyno- 
mials. A method is given for obtaining the weight factor from the generating function 
and for finding some additional properties of these polynomials. The second order 
differential equation satisfied by the polynomials is derived and is shown to reduce 
in a special case to an equation which was obtained by Shohat. (Received September 
27, 1940.) 


502. Peter Scherk: On real closed curves of the order n+1 in the 
projective n-space. Preliminary report. 


The author discusses closed curves K**! in the real projective n-space which have 
osculating spaces of all the dimensions less than n and which have the real order n+1; 
that is, the maximum number of points of intersection of a K**! with an (m—1)-space 
shall be »+-1. These curves are a generalization of the algebraic curves of order n+1 
with one real branch. Analogous to the algebraic case, singular points can be defined 
and provided with multiplicities. The sum of the multiplicities of the singular points 
of a K**1 is less than or equal to +1 and congruent to +1 (mod 2). The types 
for which this sum equals »+-1 are characterized. Furthermore, the pairs of curves in 
the projective n-space are described which have no more than +1 points with any 
(n—1)-space in common. These pairs generalize the algebraic curves of order +1 with 
two real branches. Some special qualities of the K"* are indicated. The main tool of 
the discussion is the continuous transformation of the K** into itself which correlates 
to each point of the K** the point at which its osculating (m—1)-space intersects 
the K"*! again. (Received September 27, 1940.) 


503. W. T. Scott and H. S. Wall: A geometrical method in the theory 
of continued fractions. 


In this paper the authors consider continued fractions of the form 1/1+a2/1 
+a;/1+a,/1+ - - -, where the a,’s are complex numbers. By regarding the continued 
fraction as a succession of linear fractional transformations they determine conditions 
under which the mth approximant A,/B, of the continued fraction will lie in a region 
V of the complex plane whenever the a,’s lie in a region U. Under these conditions 
any convergent continued fraction whose elements lie in U must have a value in 
V. As a supplement to their recent “parabola” theorem (Transactions of this Society, 
vol. 47 (1940), p. 166) they show that if the a,’s lie in the parabola || —R(z) 34 
every approximant A,/B, lies in the circle | z|?—2R(z) <0, and that this is the “best” 
circular region having the above property. (Received August 19, 1940.) 
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504. W. T. Scott and H. S. Wall: Linear manifolds of Hausdorff 
means. 


A set M of moment sequences is a manifold if when {cn}, {da} are in M, then 
{cn+dn} and {ree} (r real) are in M. A manifold M is regular if when {c,}GM, 
¢o¥0 then {¢n/co} is a regular Hausdorff sequence. The authors determine conditions 
under which a sequence {8,(u)} of real functions on the interval (0, 1) constitutes a 
basis for a manifold M(§), in the sense that M is made up of the sequences ¢, = S(Bn(u) 
-d¢(u), (n=0, 1,2, - - - ), for ¢(u)E BV [0,1]. They also determine conditions upon the 
basis such that M(@) shall be regular, and conditions such that every regular Hausdorff 
mean determined by the sequences of M(8) shall include a given Hausdorff mean. The 
general theory is applied to a number of special examples. Manifolds exist which in- 
clude any given Hausdorff mean, and, in particular, which include (C, a) but not 
(C, a+), (a>0, e>0). For example, if 8.(u) =(u+1)/(u+n+1), then M(8)_(C, 1) 
but not (C, i+), (e>0). (Received August 19, 1940.) 


505. I. E. Segal: The space of Besicovitch almost periodic functions. 


Let B? (1<=p< _~) be the space of all Besicovitch almost periodic functions of 
order on the infinite interval (— ©, ©) with the usual norm. It is shown that there 
is a bicompact space S and a completely additive measure yu over the field of Borel 
subsets of S such that B? is isometric with the space L,(S, u) of all complex-valued 
functions which are measurable and whose pth power is summable with respect to yu; 
the norm is the usual one. This result follows readily from a recent theorem of Gelfand 
on the representation of the class of Bohr almost periodic functions. It is also connected 
with some recent work of Bochner and of Wecken. A similar result holds for the spaces 
of almost periodic functions on any locally bicompact group. (Received September 28, 
1940.) 


506. William Wernick: Distributive properties of set operators. 


A point set operator a which maps a set A of a given space S uniquely into a set 
aACS may have certain distributive properties defined by expressions of the form 
a(Af,B)-R:aA -fe-aB; where fi, fe are set operators+ or -; and where R is a set 
relation, either =, C_,or _). There are twelve such properties, but monotonicity and 
inverse monotonicity are included to obtain a list of fourteen “distributive” properties. 
These fourteen properties (a;) and their negations (a;) form a collection of 28 proper- 
ties which may be assumed or deduced for set operators. Their interrelations are in- 
vestigated. The distributive character of a is determined with respect to a; if it is 
known that a has property a; (a: ai); or that a:a;. An operator a is “completely deter- 
mined” if its distributive character is determined with respect to every aj. In view of 
the interrelations among the aj, there are relatively few “completely determined” 
operators. A list of 25 is given, with examples. (Received September 13, 1940.) 


507. William Wernick: Functional dependence in the calculus of 
propositions. 


In the two-valued calculus of propositions a function F of u variables is completely 
determined by 2* constants, independently 0, or 1 (call their sum S). F is independent 
of a particular variable x; if no change in F results from a change in x; alone. A func- 
tion A; is defined whose vanishing is a necessary and sufficient (NS) condition that F 
be independent of x;. In terms of the A; a function A(F) is defined whose nonvanishing 
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is a NS condition that F be really a function of all its arguments, that is, not independ- 
ent of any of them. Another function B; is defined, and it is shown that S=2B; is 
another NS condition that F be independent of x;. From this are obtained very simply 
the following two theorems: “A sufficient condition that F be really a function of all 
its arguments is that S be odd.” “A necessary condition that F be independent of some 
or all of its arguments is that S be even.” (Received September 20, 1940.) 


508. Hassler Whitney: The mappings of a 3-complex into a space 
with vanishing fundamental group. 


Extending methods used formerlyfor classifying the mappings of a 3-complex into a 
2-sphere S? (see this Bulletin, vol. 42 (1936), p. 338), S? is now replaced by any space S 
without fundamental group. The 2-dimensional homotopy group 2°(S) is a direct sum 
of cyclic groups, with generators pi, --~-, pn. There is a natural function 0(p)€*(S) 
and a multiplication pXpC7*(S); 20(o)=pXp. If ap=0, then 2a0(p)=0. If f is a 
mapping of the 2-dimensional part K? of K into S, a 2-x?-chain X? is defined (compare 
Duke Mathematical Journal, vol. 3 (1937), pp. 51-55); f may be extended through K* 
and K‘ if and only if 6X?=0 and XA/*X?~0. Here, if then 
Bipio* = if no p; are of finite order. Two map- 
pings f and f’ are homotopic if and only if their difference is ~2(Y\*X?) for some 
1-x*-cocycle Y!. (The factor 2 was omitted in the abstract cited above.) (Received 
September 28, 1940.) 
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